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Abstrakt

Tato diplomová práce se zabývá vývojem nových př́ıstup̊u k modelováńı anisotropńıch vrstev-

natých struktur obsahuj́ıćı aktivńı vrstvy a periodické laterálńı 1D mř́ıžky. K modelováńı period-

ických mř́ıžek je použita metody vázaných vid̊u (RCWA) a modely zdrojových vrstev vycházej́ı

ze 4×4 maticového formalismu vhodného k modelováńı spin-polarizovaných elektroluminiscenčńı

diod (spin-LEDs) a spinových laser̊u s vertikálńı uspořádáńım (spin-VCSELs). Pro umožněńı

kombinace těchto dvou př́ıstup̊u je vyvinut nový formalismus k modelováńı š́ı̌reńı nekoherentńıho

světla v periodických strukturách založený na koherenčńıch/Muellerových matićıch, který je

demonstrován na struktuře flexibilńıch difrakčńıch komponent obsahuj́ıćı tlusté vrstvy. Modely

zdrojových struktur jsou poté vyjádřeny pomoćı stejného formalismu, který zahrnuje nekoher-

entńı procesy a umožňuje integraci periodických i zdrojových vrstev v rámci jednoho modelu.

Kĺıčová slova: RCWA, aktivńı vrstvy, spin-LED, spin-VCSEL, periodické mř́ıžky, nekoher-

entńı š́ı̌reńı, koherenčńı matice, Muellerovy matice

Abstract

This thesis deals with the development of new approaches for modelling of multilayers with

active dipole layers and 1D lamellar gratings. The rigorous coupled wave algorithm (RCWA) is

used for modelling of periodic gratings and models of active dipole layers are based upon 4× 4

matrix formalism suitable for modelling of spin-polarized light emitting diodes (spin-LEDs) and

vertical-cavity surface-emitting lasers (spin-VCSELs). To enable the combination of these two

approaches a new formalism for modelling of incoherent propagation in periodic structures based

on coherence/Mueller matrices is introduced and it is demonstrated on the structure of flexible

diffraction components that include thick layers. Models of active dipole layers are then ex-

pressed using the same formalism that enables the integration of both periodic and active layers

in the same model.

Keywords: RCWA, active layers, spin-LED, spin-VCSEL, lamellar gratings, incoherent propa-

gation, coherence matrix, Mueller matrix
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List of symbols and abbreviations

VCSELs Vertical-cavity surface-emitting lasers

spin-LEDs Spin-polarized light emitting diodes

spin-VCSELs Spin-polarized vertical-cavity surface-emitting lasers

HCG High contrast gratings

RCWA Rigorous coupled wave analysis

MEs Maxwell equations

E(r, t) Electric field intensity vector

H(r, t) Magnetic field intensity vector

D(r, t) Electric displacement vector

B(r, t) Magnetic flux density vector

ρ(r, t) Charge density

j(r, t) Current density vector

ε0 Permittivity of free space

µ0 Permeability of free space

ε̂0 Relative permittivity tensor

χ̂ Electric susceptibility tensor

P(r, t) Polarization density vector

M(r, t) Magnetization density vector

I Identity matrix of proper dimension

σ̂ Electric conductivity tensor

ω Angular frequency

i Imaginary unit

ε̂R Complex permittivity tensor

ε Permittivity tensor

E0 Complex electric field amplitude

H0 Complex magnetic field amplitude

e Electric field polarization vector

h Magnetic field polarization vector
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k Wave vector

k0 Free space wave vectro amplitude

n Index of refraction

r Position vector

ϕ Incidence angle

θ Azimuth angle of the incidence plane

E′(r, t) Normalized electric field intensity vector

H′(r, t) Normalized magnetic field intensity vector

E′
0 Normalized complex electric field amplitude

H ′
0 Normalized complex magnetic field amplitude

e′ Normalized electric field polarization vector

h′ Normalized magnetic field polarization vector

c Speed of light

∇× curl operator

Ni i-th part of index of refraction (see Eq. (2.22a)

f(z) Vector of the tangential components of the field vectors

C Matrix of the eigenvalue problem

λi Eigenvalue of a matrix

vi Eigenvector of a matrix

α, β, γ, δ Coefficients of linear combination

D Eigenvalue matrix

A Amplitude of propagating eigenmodes

P Propagation matrix of a layer

d Width of a layer

n Normal vector of the interface

J Surface current density

M Total transfer matrix

rij Reflection coefficients

tij Transmission coefficients

Tij Transmittance

Rij Reflectivity

S(r, t) Poynting vector, S-matrix

T Period
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< Real part

= Imaginary part

cij Fourier coefficient

ĉi Tensor of i-th order Fourier coefficients of permittivity tensor

.̃ Vector or matrix consisting of many fourier harmonic modes

Eij Toeplitz matrix of Fourier coefficients

‖.‖ Operation of creating oeplitz matrix from Fourier coefficients

ṫ, ṙ, ... Backward coefficients

Jc Coherence matrix

J Coherence vector

T ,J ,R,P,G Coherence-transforming matrices of corresponding quantities

B Propagation transforming matrix

Ad Amplitude source vector

T Source matrix
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1. Introduction

Vertical-cavity surface-emitting lasers (VCSELs) are important part of many technologies

today. They dominate the light source market for data communication such as Gigabit Ethernet

and Fiber Channel. They are ideal light sources in data centers, high-performance computers,

optical interconnects, automotive networks, optical mouses and high definition displays [1–8].

The high popularity of VCSEL lasers is due to its advantages, such as low operating current and

power consumption, high fiber coupling efficiency and high modulation bandwidth. They are

also ideal for 2D laser arrays due to their size. Their advantages lie also in the economical side of

things because they are cheap and easily manufactured by the same processes as the traditional

integrated parts. Furthermore, a new generation of spin-polarized light sources is approaching

due to advances in the field of spintronics. The recombination of spin-polarized carriers in spin-

polarized light sources leads to emission of polarized light and gives us a better control over the

polarization of emitted light. Spin-polarized light-emitting diodes (spin-LEDs) [9–11] are already

used in the experimental spintronics and spin-VCSELs [12,13] promise lower threshold [14], better

polarization control [15] and faster modulation dynamics [16]. For future applications of spin-

VCSELs, a precise modelling of light emission and its polarization is required and some models

have already been presented [17, 18]. This model is based on the combination of 4 × 4 Yeh’s

matrix formalism [19,20] and the description of active dipole layers done by Benisty [21] and the

model has already been successfully used to model spin-VCSELs structures.

Another important trend in further development of VCSELs is the research of periodic

structures, such as gratings or photonic crystals, in VCSEL structures. Photonic crystals are

used for controlling of a single transverse mode operation and low far field divergence angle

of output beam of VCSEL lasers, that is important for efficient coupling into optical fibers

[22–24]. Photonic crystals can also be used for polarization control of VCSELs [25]. By designing

photonic crystals with non-cylindrical holes, dichroism can be introduced and polarization control

achieved. Besides photonic crystals, high contrast gratings can be also used to improve existing

VCSELs designs [26,27]. High-contrast gratings (HCG) act as a high reflectivity monolayer and
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can replace top distributed Bragg reflectors (DBR) in VCSELs. They are considerably thinner

than conventional DBR and have high polarization dependence. They also suppress higher order

transverse modes and operate in single mode. Another benefit of using HCGs in VCSEL designs

is that they can be etched in post-epitaxial fabrication process. As the phase of reflected light of

the HCG depends on grating parameters, by changing the grating parameters we can change the

resonance wavelength. This enables the fabrication of the multi-wavelength VCSEL arrays [28].

The modelling of periodic structures can be done by several methods. In this thesis, we are

adopting the rigorous coupled wave analysis (RCWA) for its good applicatibility in modelling

of far field scattering. It is a semi-analytical Fourier-space method first developed by Moharam

et. al. [29] and then further developed by the important work of Li [30–32] and Nevière and

Popov [33–35]. The algorithm of RCWA is still being developed further for more arbitrary

dielectric profiles and is now also being used for aperiodic structures [36, 37].

There has already been done some work to combine models of periodic and active layers

[38], however, these models do not address coherence of emission processes. As spontaneus

emission inside active layers is an incoherent process, the model also needs to incorporate the

incoherent effects during propagation through multilayers. This is usually done by averaging

over random phase factor. This is, however, computationaly highly demanding and not practical

for application in grating structures that need to include sufficient number of harmonic modes to

converge properly and the number of parameters for averaging rapidly increases. The alternative

to modelling of incoherent effects by averaging over random phase is the use of intensity-based

approaches, like the coherence matrix and Mueller matrix formalisms. Coherence and Mueller

matrices are often used for modelling of incoherent propagation in the layered structures [39] and

they have also already been used for modelling of incoherent propagation in periodic systems by

Antoš et. al. [40]. Nevertheless, their approach does not treat higher diffraction modes rigorously

and rigorous treatment of incoherent propagation needs to be developed.

1.1 Objective of this work

The goal of this thesis is to develop a general formalism for description of incoherent effects

in active layers and layers with lateral periodicity in order to efficiently model light emission

from spin-VCSELs with periodic layers (1D lamellar gratings, photonic crystals) for possible

future applications. This is done in two steps. First, by combining RCWA (only 1D gratings for

simplicity) with the coherence matrix methods to model incoherent propagation in multilayers

containg thick layers, and second, by expressing the existing multilayer models of spin-polarized
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emission developed by Fördös et. al. [17, 18] using the coherence matrix formalism to avoid

averaging over a random phase factor.

1.2 Organization of the thesis

The thesis is organized into four chapters. Chapter 2 deals with the basic theory of light

propagation in multilayer structures. Maxwell equations, that are used in the rest of the the-

sis, are formulated and all the assumption made in this thesis are stated. Then the solution

of Maxwell equations for layered structures is derived. The chapter ends with description of

experimental observables of layered structures.

Chapter 3 is devoted to modelling of 1D gratings by RCWA. First, the eigenmodes propa-

gating in periodic layers are found. Then the boundary conditions are applied using scattering

matrix algorithm (S-matrix). Fourier factorization is also discussed and the chapter ends with

description of experimental observables in grating structures.

Chapter 4 introduces a new approach of modelling incoherent light propagation in layered

structures by combining the intensity-based coherence matrix algorithms with RCWA. First, the

partial wave summation method and coherence matrix formalism for modelling of incoherent

propagation in thick layers are described. Then they are generalized for periodic layers. The

results of the algorithm are then described on numerical models of flexible diffractive components.

Chapter 5 is devoted to modelling of emission from active multilayers. Previous models

developed by Fördös et. al. [17], Postava et. al. [38] and the details of incoherent processes rele-

vant for integration with RCWA are described. Then the models are expressed using coherence

matrix formalism and the the new approach is compared with the original in numerical models

of a simple LED structure.

Chapter 6 concludes by summaring main original results of the thesis and presents perspec-

tives for the future research.
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2. Propagation of light in a layered

media

The aim of this section is to mathematically describe how light propagates in layered media

without any latteral periodicity, so it can be later generalized for 1D gratings. First the basic

relations, describing propagation of light, and formulation of Maxwell equations (MEs) is intro-

duced. Then all assumptions are stated and relations, on which optical models are based, are

derived from MEs and the concept of the polarization is briefly introduced. In the section 2.2 the

solution of the Maxwell equations in layered media is described and in Section 2.2.1 the solution

for a special case of isotropic media is derived. Section 2.2.2 deals with solutions in separate lay-

ers and layers are connected by boundary conditions. Then the relations of calculated quantities

with experimental observables are described.

2.1 Basic relations

2.1.1 Maxwell equations

The light propagating through a medium can be desribed by the Maxwell equations in terms

of the electric and magnetic field intensities E(r, t) and H(r, t), the electric displacement D(r, t)

and the magnetic flux density B(r, t) [41, 42]. They are in form

∇ ·D(r, t) = ρ(r, t), (2.1a)

∇ ·B(r, t) = 0, (2.1b)

∇×E(r, t) = −∂B(r, t)

∂t
, (2.1c)

∇×H(r, t) =
∂D(r, t)

∂t
+ j(r, t), (2.1d)

where j(r, t) is the current density and ρ(r, t) is the volume density of free charges. The electric

and magnetic intensities are related to the electric displacement and the magnetic flux density
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by the consitution relations as follows:

D(r, t) = ε0E(r, t) +P(r, t), (2.2a)

B(r, t) = µ0H(r, t) + µ0M(r, t). (2.2b)

µ0 and ε0 are the vacuum permeability and permittivity. P(r, t) and M(r, t) represent the

polarization and the magnetization, respectively. In this work, we are dealing with optical

frequencies, so we can assume

M(r, t) = 0. (2.3)

In homogeneous non-dispersive medium the polarization vector can be expressed using the electric

susceptibility tensor

P(r, t) = ε0χ̂E(r, t). (2.4)

By using relative dielectric tensor ε̂r, expressed as

ε̂r = I+ χ̂, (2.5)

where I is 3x3 identity matrix, and substituting 2.3 and (2.4) into (2.2a) and (2.2b) we get

D(r, t) = ε0ε̂rE(r, t), (2.6a)

B(r, t) = µ0H(r, t). (2.6b)

Furthermore, we assume that there are no free charges in the medium.

ρ(r, t) = 0 (2.7)

Next, we can express the electric current density as a function of E(r, t) and the electric conduc-

tivity tensor σ̂.

j(r, t) = σ̂E(r, t) (2.8)

Using these expressions and assumptions, we get the Maxwell equations in the following form:

∇ · [ε0ε̂rE(r, t)] = ρ(r, t), (2.9a)

∇ ·H(r, t) = 0, (2.9b)

∇×E(r, t) = −µ0
∂H(r, t)

∂t
, (2.9c)

∇×H(r, t) = ε0ε̂r
∂E(r, t)

∂t
+ σ̂E(r, t). (2.9d)

18



In this thesis, we take into account only monochromatic waves. Under this assumption we can

express the electric and magnetic field vectors as harmonic functions of time as follows:

E(r, t) = E(r) exp (−iωt) , (2.10a)

H(r, t) = H(r) exp (−iωt) . (2.10b)

The use of this form of the electric and magnetic field vectors simplifies equations (2.9c) and

(2.9d). Furthermore, by excluding the time dependence we get

∇×E(r) = iωµ0H(r), (2.11a)

∇×H(r) = −iωε0ε̂rE(r) + σ̂E(r). (2.11b)

For more compact description of the media response, we can define the complex permittivity

tensor as

ε̂ = ε0ε̂r +
i

ω
σ̂ = ε0ε̂R (2.12)

This definition simplifies the relation (2.11b) even more, so that

∇×H(r) = −iωε̂E(r). (2.13)

The complex permittivity tensor describes optical properties of any homogenous anisotropic

medium including absorbing media, where absorbtion is described by the imaginary part of the

complex permittivity tensor.

2.1.2 Polarization of light

In this work, we are describing far field processes like reflection and transmission by using

several matrix methods. For this purpose it is useful to assume monochromatic plane wave

solution, which corresponds to collimated light emitted from a far source [41,42]. We can describe

such a wave by the complex representation of the field intensity vectors as follows:

E(r, t) = E0e exp [i(k.r− ωt)] , (2.14a)

H(r, t) = H0h exp [i(k.r− ωt)] , (2.14b)

where E0 and H0 denote the complex amplitudes of the field vectors. The vectors e and h

represent the polarization state of the propagating wave, ω denotes the angular frequency of the

wave and the vector k is the wave vector. Assuming a planar interface between two isotropic
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plane of incidence. According to Figure 2.1, normalized s- and p- polarization vectors can be

described as

es =




cosφ

− sinφ

0


 , ep =




sinφ cosϕ

cosφ cosϕ

− sinϕ


 . (2.16)

2.2 Solution of the Maxwell equations in layered medium

To understand the propagation of light through an anisotropic layered media, first we need

to find a solution of the Maxwell equations in each individual layer. In this section, we introduce

a matrix formalism developed by Berreman [44].

The electric and magnetic field vectors can be normalized in the following way:

E′(r) = 4

√
µ−1
0 ε0E(r), (2.17a)

H′(r) = 4

√
µ0ε

−1
0 H(r). (2.17b)

Using the relations

k0 =
ω

c
, (2.18a)

c =
1√
µ0ε0

, (2.18b)

and substituing relations (2.17a) and (2.17b) into (2.11a) and (2.13) we get a new form of the

normalized Maxwell equations

∇×E′(r) = ik0H
′(r), (2.19a)

∇×H′(r) = −ik0ε̂RE
′(r). (2.19b)

This normalized form of Maxwell equations is later useful for obtaining a simple eigenvalue

solution in a compact form, which is directly connected to the physical quantites and flows

nicely into the boundary matrix methods. Using the matrix form of curl operator

∇×




H ′
x(r)

H ′
y(r)

H ′
z(r)


 =




0 − ∂
∂z

∂
∂y

∂
∂z 0 − ∂

∂x

− ∂
∂y

∂
∂x 0







H ′
x(r)

H ′
y(r)

H ′
z(r)


 , (2.20)
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we can express the equations (2.19a) and (2.19b) as follows:



0 − ∂
∂z

∂
∂y

∂
∂z 0 − ∂

∂x

− ∂
∂y

∂
∂x 0







E′
x(r)

E′
y(r)

E′
z(r)


 = ik0




H ′
x(r)

H ′
y(r)

H ′
z(r)


 , (2.21a)




0 − ∂
∂z

∂
∂y

∂
∂z 0 − ∂

∂x

− ∂
∂y

∂
∂x 0







H ′
x(r)

H ′
y(r)

H ′
z(r)


 = −ik0




εxx εxy εxz

εyx εyy εyz

εzx εzy εzz







E′
x(r)

E′
y(r)

E′
z(r)


 . (2.21b)

Because the tangential components of the wave vectors are conserved quantity during propagation

through layered media and because of the plane wave character of the solution, we can express

the field vectors as

E′(r) = E′
0e

′(z) exp [ik0(Nxx+Nyy)] , (2.22a)

H′(r) = H ′
0h

′(z) exp [ik0(Nxx+Nyy)] . (2.22b)

After performing derivations and reducing the dependency of the field vectors on x- and y-

coordinates, we get



0 − ∂
∂z ik0ky

∂
∂z 0 −ik0kx

−ik0ky ik0kx 0







e′x(z)

e′y(z)

e′z(z)


 = ik0




h′x(z)

h′y(z)

h′z(z)


 , (2.23a)




0 − ∂
∂z ik0ky

∂
∂z 0 −ik0kx

−ik0ky ik0kx 0







h′x(z)

h′y(z)

h′z(z)


 = −ik0




εxx εxy εxz

εyx εyy εyz

εzx εzy εzz







e′x(z)

e′y(z)

e′z(z)


 . (2.23b)

Now we can extract z- components from equations (2.23a) and (2.23b)

e′z(z) = ε−1
zz

[
Nyh

′
x(z)−Nxh

′
y(z)− εzxe

′
x(z)− εzyey(z)

]
, (2.24a)

h′z(z) = −Nye
′
x(z) +Nxe

′
y(z), (2.24b)

and substitute them back, so

 0 − ∂

∂z

∂
∂z 0




e

′
x(z)

e′y(z)


+ ik0


 Nye

′
z(z)

−Nxe
′
z(z)


 = ik0


h

′
x(z)

h′z(z)


 , (2.25a)


 0 − ∂

∂z

∂
∂z 0




h

′
x(z)

h′y(z)


+ ik0


 Nyh

′
z(z)

−Nxh
′
z(z)


 =

−ik0


εxx εxy

εyx εyy




e

′
x(z)

e′y(z)


− ik0


εxze

′
z(z)

εyze
′
z(z)


 .

(2.25b)
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Now we can introduce a vector of the tangential components of the field vectors

f(z) =
[
e′x(z), h

′
y(z), e

′
y(z), h

′
x(z)

]T
, (2.26)

which leads to the compact matrix form








0 − ∂
∂z 0 0

0 0 0 ∂
∂z

0 0 − ∂
∂z 0

∂
∂z 0 0 0



+ ik0




−N2
y 0 NyNx 0

NxNy 0 −N2
x 0

−Nyε
−1
zz εzx −Nyε

−1
zz Nx −Nyε

−1
zz εzy Nyε

−1
zz Ny

Nxε
−1
zz εzx Nyε

−1
zz Nx Nxε

−1
zz εzy −Nxε

−1
zz Ny








f(z) =

ik0








−εxx 0 −εxy 0

−εyx 0 −εyy 0

0 0 0 1

0 1 0 0



+




εxzε
−1
zz εzx εxzε

−1
zz Nx εxzε

−1
zz εzy −εxzε

−1
zz Ny

εyzε
−1
zz εzx εxzε

−1
yz Nx εyzε

−1
zz εzy −εxzε

−1
yz Ny

0 0 0 0

0 0 0 0








f(z)

(2.27)

or after some reordering to
∂

∂z
f(z) = ik0Cf(z), (2.28)

where C is

C =




−Nxε
−1
zz εzx 1−Nxε

−1
zz Nx −Nxε

−1
zz εzy Nxε

−1
zz Ny

εxx −N2
y − εxzε

−1
zz −εxzε

−1
zz Nx NyNz + εxy − εxzε

−1
zz εzy εxzε

−1
zz Ny

−Nyε
−1
zz εzx −Nyε

−1
zz Nx −Nyε

−1
zz εzy Nyε

−1
zz Ny − 1

−NxNy − εyx + εyzε
−1
zz εzx εyzε

−1
zz Nx N2

x − εyy + εyzε
−1
zz εzy −εyzε

−1
zz Ny



.

(2.29)

The most convienient way to solve this system of differential equations is using eigenvalue

method [45]. The expected solution is in form

f(z) = αv1 exp(ik0λ1z) + βv2 exp(ik0λ2z) + γv3 exp(ik0λ3z) + δv4 exp(ik0λ4z), (2.30)

where (vi) are eigenvectors of the matrix C and λi are corresponding eigenvalues of the matrix C.

We can show the solution’s validity, for example by assuming only α is non-zero and substitute

it back into equation (2.28). We get

αik0 exp(ik0λ1z)(Cv1 − λ1v1) = 0, (2.31)

which can be rewritten as

(C− λ1I)v1 = 0. (2.32)
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Resulting expression is a basic eigenvalue equation and can be generalized for the general case.

Eigenvalues of the matrix C corresponds to the propagation constant Nz and eigenvectors

represent the tangential components of the polarization vector of the propagating mode. We

can see from the solution that there are four different linearly independent waves propagating

through the medium with corresponding propagation constants. Two of those modes propagate

upward (real part of Nz is negative) and two downward (real part of Nz is positive) and are in

general elliptically polarized. In an isotropic medium, there exists a degeneracy in the solutions

due to the nature of the problem and therefore any two orthogonal polarizations can represent

eigenmodes of the medium. In this thesis, we use s- and p- polarizations to represent propagating

waves in isotropic media.

2.2.1 Solutions in isotropic media

In this thesis, we are assuming that superstrate and substrate are always isotropic media,

so it is useful to calculate eigenmodes for isotropic medium, which can be solved analytically.

Assuming an isotropic medium (diagonal dielectric tensor ε̂r) and the plane of incidence parallel

with the x-axis (Nx = 0), we get

C =




0 1 0 0

εR −N2
y 0 0 0

0 0 0 Nyε
−1
R Ny − 1

0 0 −εR 0



. (2.33)

Solving eigenvalue problem

(C− kzI)f(z) = 0 (2.34)

by assuming the determinant of the matrix equation (C− kzI) zero, we get

(N2
z −N2

y − εR)
2 = 0. (2.35)

This equation has four solutions:

Nz,1 = Nz,3 =
√

εR −N2
y , (2.36a)

Nz,2 = Nz,4 = −
√

εR −N2
y . (2.36b)

The solutions correspond to the four propagating modes. Two positive solutions are the down-

ward propagationg modes, while two negative solutions are the upward propagating modes. By
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substituing the solutions into (2.34), we get








−Nz,i 1 0 0

εR −N2
y −Nz,i 0 0

0 0 −Nz,i Nyε
−1
R Ny − 1

0 0 −εR −Nz,i








f(z) = 0 (2.37)

hence

h′y,i = Nz,ie
′
x,i, (2.38a)

h′x,i = − εR
Nz,i

e′y,i. (2.38b)

Equation (2.37) has 4 solutions, assuming ex = 0 (p- polarization) or ex = 1 (s- polarization),

substituing backward and forward propagating Nz and normalizing vector of electric intensity e′

as follows [e′z can be expressed using (2.24a)]

||e′|| =
√

e′x
2 + e′2y + e′2z = 1. (2.39)

The normalization is important here, in the superstrate and substrate media, for proper definition

of the transmission and reflection coefficients, more details are described in the Section 2.3. The

eigenvectors can then be written in a compact matrix form as follows:

Diso =




1 1 0 0
√

εR −N2
y −

√
εR −N2

y 0 0

0 0

√
εR−N2

y√
εR

√
εR−N2

y√
εR

0 0 −√
εR

√
εR



, (2.40)

where eigenvectors are ordered as s-down, s-up, p-down, p-up. For superstrate with the index of

refraction n(0) and the angle of incidence ϕ, we can express the wave vector k as

k = k0




0

n(0) sinϕ

n(0) cosϕ


 . (2.41)

Furthermore, assuming µr = 1 for optical frequencies we can express n(0) as

n(0) =

√
ε
(0)
R . (2.42)
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medium can be written, excluding the time dependece as

E(n) = exp[ik0(Nxx+Nyy)]
4∑

i=1

A
(n)
i e

(n)
i exp(ik0N

(n)
z,i z), (2.46a)

H(n) = exp[ik0(Nxx+Nyy]
4∑

i=1

A
(n)
i h

(n)
i exp(ik0N

(n)
z,i z). (2.46b)

Using expressions (2.46a) and (2.46b), the boundray conditions (2.45a), (2.45b) can then be

written as

4∑

i=1

A
(n)
i e

(n)
x,i =

4∑

i=1

A
(n+1)
i e

(n)
x,i , (2.47a)

4∑

i=1

A
(n)
i e

(n)
y,i =

4∑

i=1

A
(n+1)
i e

(n)
y,i , (2.47b)

4∑

i=1

A
(n)
i h

(n)
x,i =

4∑

i=1

A
(n+1)
i h

(n)
x,i , (2.47c)

4∑

i=1

A
(n)
i h

(n)
y,i =

4∑

i=1

A
(n+1)
i h

(n)
y,i , (2.47d)

or in the compact matrix form

D(n)A(n) = D(n+1)A(n+1), (2.48a)

D(n) =




e
(n)
x,1 e

(n)
x,2 e

(n)
x,3 e

(n)
x,4

h
(n)
y,1 h

(n)
y,2 e

(n)
y,3 e

(n)
y,4

e
(n)
y,1 e

(n)
y,2 e

(n)
y,3 e

(n)
y,4

h
(n)
x,1 h

(n)
x,2 h

(n)
x,3 h

(n)
x,4



, (2.48b)

A(n) = [A
(n)
1 , A

(n)
2 , A

(n)
3 , A

(n)
4 ]T , (2.48c)

where the matrix D(n) is composed of the tangential components of polarization vectors e and

h, which are obtained by solving the Maxwell equations and consist of the eigenvectors of the

matrixC(n), and the vectorA(n) is a vector of eigenmode amplitudes. Next, to model propagation

through a layer with a thickness d(n), the propagation matrix is defined as [19, 20,44]

P(n) =




exp(ik0Nz,1d
(n)) 0 0 0

0 exp(ik0Nz,2d
(n)) 0 0

0 0 exp(ik0Nz,3d
(n)) 0

0 0 0 exp(ik0Nz,4d
(n))



. (2.49)

Using the propagation matrix, we can now describe the transformation of the field vectors while

travelling through the (n+1)-th layer as follows,

A(n) =
[
D(n)

]−1
D(n+1)P(n+1)

[
D(n+1)

]−1
D(n+2)A(n+2). (2.50)
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This approach can be then generalized for any system with N layers in the following way:

A(0) =
[
D(0)

]−1
N∏

i=1

(
D(i)P(i)

[
D(i)

]−1
)
D(N+1)A(N+1) = MA(N+1), (2.51)

where M denotes the transfer matrix of the whole system.

2.3 Experimental observables

In the last section, the transfer matrix of the layered system was obtained. This matrix

can then be used to calculate the reflection and trasmission coefficients of the propagating wave.

These coefficients are in turn connected to the measurable intensities of the reflected and trans-

mitted waves.

2.3.1 Reflection and transmission coefficients

The reflection and transmission coefficients are defined as the complex ratios between the

complex amplitudes of individual propagating eigenmodes. Assuming A
(0)
1 and A

(0)
3 are down-

ward propagating waves and A
(0)
2 and A

(0)
4 are upward propagating waves, see Figure 2.3, we can

write them as

r
(kl)
ij =

A
(k)
j

A
(k)
i

, (2.52)

where i ∈ {1, 3} and j ∈ {2, 4} and

t
(kl)
ij =

A
(l)
j

A
(k)
i

, (2.53)

where i ∈ {1, 3} and j ∈ {1, 3}. Now, let’s assume the light comes only from superstrate,

A
(N+1)
2 = 0 and A

(N+1)
4 = 0. The system is now described by the transformation [20]




A
(0)
1

A
(0)
2

A
(0)
3

A
(0)
4



=




M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44







A
(N+1)
1

0

A
(N+1)
3

0



. (2.54)

It is now straightforward to the obtain reflection and transmission coefficients by combining
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2.3.2 Reflectance and transmittance

Most of the experimental configurations don’t allow to directly measure the field vectors, so

it is more useful to describe the transformation of propagating waves in the term of intensities.

The optical intensity can be defined using the Poynting vector as

I = |< S(r, t) >| , (2.57)

where < S(r, t) > is the time of average value of S(r, t) determined by

< S(r, t) >=
1

T

∫ T

0
S(r, t) dt. (2.58)

The Poynting vector represents the directional energy flux of the propagating wave and is ex-

pressed as [41, 42]

S(r, t) = <[E(r, t)]×<[H(r, t)], (2.59)

where

<[E(r, t)] =
1

2
[E(r) exp(−iωt) +E∗(r) exp(iωt)], (2.60a)

<[H(r, t)] =
1

2
[H(r) exp(−iωt) +H∗(r) exp(iωt)]. (2.60b)

Equation (2.58) will then take form

< S(r, t) >=
1

4T

∫ T

0
[E(r)×H(r) exp(−2iωt) +E(r)×H∗(r)+

E∗(r)×H(r) +E∗(r)×H∗(r) exp(2iωt)] dt =
1

2
<[E(r)×H∗(r)].

(2.61)

The reflectance R
(kl)
ij and transmittance T

(kl)
ij are defined as the ratio of the normal components

of the intensities of the incident and reflected, or transmitted, waves,

R
(kl)
ij =

∣∣∣∣∣
< S

(k)
j (r, t) >z

< S
(k)
i (r, t) >z

∣∣∣∣∣ , (2.62a)

T
(kl)
ij =

∣∣∣∣∣
< S

(l)
j (r, t) >z

< S
(k)
i (r, t) >z

∣∣∣∣∣ . (2.62b)

Expressing the field vectors of j-th eigenmode in the k-th medium according to the (2.46a) and

(2.46b) as

E
(k)
j (r) = A

(k)
j e

(k)
j exp(ik0(Nxx+Nyy +N

(k)
z,j z)), (2.63a)

H
(k)∗
j (r) = A

(k)∗
j h

(k)∗
j exp(ik0(Nxx+Nyy +M

(k)
z,j z)), (2.63b)
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we get

< S
(k)
j (r, t) >z =

1

2
<[A(k)

j A
(k)∗
j (e

(k)
j × h

(k)∗
j )]z. (2.64)

In this thesis, it is assumed that superstrate and substrate media are always isotropic, so we can

substitute the components of the polarization vectors e
(k)
j and h

(k)∗
j by the elements of the Diso

matrix (2.43) and get

< S
(k)
j (r, t) >z =

1

2
<[A(k)

j A
(k)∗
j k

(k)
z,j ]. (2.65)

Substituing (2.65) into the equations (2.62a) and (2.62b) the reflectance and trasmittance take

the following forms:

R
(kl)
ij =

∣∣∣∣∣
<[A(k)

j A
(k)∗
j N

(k)
z,j ]

<[A(k)
i A

(k)∗
i N

(k)
z,i ]

∣∣∣∣∣ =
∣∣∣∣∣
A

(k)
j

A
(k)
i

∣∣∣∣∣

2

=
∣∣∣r(kl)ij

∣∣∣
2
, (2.66a)

T
(kl)
ij =

∣∣∣∣∣
<[A(l)

j A
(l)∗
j N

(l)
z,j ]

<[A(k)
i A

(k)∗
i N

(k)
z,i ]

∣∣∣∣∣ =
∣∣∣∣∣
A

(l)
j

A
(k)
i

∣∣∣∣∣

2 ∣∣∣∣∣
<[k(l)z,j ]

<[k(k)z,i ]

∣∣∣∣∣ =
∣∣∣t(kl)ij

∣∣∣
2
∣∣∣∣∣
<[k(l)z,j ]

<[k(k)z,i ]

∣∣∣∣∣ . (2.66b)
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3.1 RCWA method

This method is based on the normalized Maxwell equations (2.19a) and (2.19b). However,

the permittivity is no longer a constant but it is a function of the position,

∇×E′(r) = ik0H
′(r), (3.1a)

∇×H′(r) = −ik0ε̂R(r)E
′(r). (3.1b)

Assuming a lamellar grating as shown in figure 3.1, the permittivity is a periodic function of y

(the coordinate system can be always rotated for 1D lamellar gratings so this holds) and can be

expressed using the Fourier series as

εij(y) =
∞∑

n=−∞

cij,n exp

(
in

2π

Λ
y

)
, (3.2a)

cij,n =
1

Λ

∫ Λ

0
εij(y) exp

(
−in

2π

Λ
y

)
dy, (3.2b)

where Λ denotes the period of the grating. The solution of the periodic Maxwell equations is

also periodic (Floquet’s theorem, Bloch theorem in solid-state physics) and can be expanded as

a series of plane waves with the same periodicity as follows:

E′(r) = E′
0

∞∑

n=−∞

e′n(z) exp(ik0(Nxx+Nyy)) exp

(
in

2π

Λ
y

)
, (3.3a)

H′(r) = H ′
0

∞∑

n=−∞

h′
n(z) exp(ik0(Nxx+Nyy)) exp

(
in

2π

Λ
y

)
. (3.3b)

By defining the wave vector of n-th order Ny,n as

k0Ny,n = k0Ny,0 + n
2π

Λ
, (3.4a)

Ny,n = Ny,0 + n
λ

Λ
, (3.4b)

we can rewrite the field vectors as

E′(r) = E′
0

∞∑

n=−∞

e′n(z) exp(ik0(Nxx+Ny,ny)), (3.5a)

H′(r) = H ′
0

∞∑

n=−∞

h′
n(z) exp(ik0(Nxx+Ny,ny)). (3.5b)
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Substituing (3.3a), (3.3b) and (3.2a) into (3.1a) and (3.1b), we get

∇×
∞∑

n=−∞

e′n(z) exp(ik0(Nxx+Ny,ny)) = ik0

∞∑

n=−∞

h′
n(z) exp(ik0(Nxx+Ny,ny)), (3.6a)

∇×
∞∑

n=−∞

h′
n(z) exp(ik0(Nxx+Ny,ny)) = −ik0

∞∑

m=−∞

ĉm exp

(
im

2π

Λ
y

)

∞∑

n=−∞

e′n(z) exp(ik0(Nxx+Ny,ny)),

(3.6b)

where ĉm is tensor of Fourier coefficients cij,m from (3.2b). We can multiply the Fourier series

using Laurent rule

∑

m

ĉm exp

(
im

2π

Λ
y

)∑

n

e′n(z) exp

(
in

2π

Λ
y

)
=

∑

n

∑

m

ĉn−me′m(z) exp

(
in

2π

Λ
y

)
, (3.7)

therefore (3.6b) takes the form

∇×
∞∑

n=−∞

h′
n(z) exp(ik0(Nxx+Ny,ny)) = −ik0

∞∑

n=−∞

∞∑

m=−∞

ĉn−me′m(z) exp(ik0(Nxx+Ny,ny)).

(3.8)

This equation has to be fulfilled for every y and subsequently for every n (because Ny,n is different

for each mode). We can rewrite this equation in its reduced form as

∇× h′
n(z) = −ik0

∞∑

m=−∞

ĉn−me′m(z). (3.9)

For better insight into the problem, let’s reduce the dimension of the problem to N = M = 1.

We get

∇× h′
−1(z) = −ik0[ĉ0 e′−1(z) + ĉ−1 e′0(z) + ĉ−2 e′1(z)], (3.10a)

∇× h′
0(z) = −ik0[ĉ1 e′−1(z) + ĉ0 e′0(z) + ĉ−1 e′1(z)], (3.10b)

∇× h′
1(z) = −ik0[ĉ2 e′−1(z) + ĉ1 e′0(z) + ĉ0 e′1(z)]. (3.10c)

or in the matrix form,




∇× h′
−1(z)

∇× h′
0(z)

∇× h′
1(z)


 =




ĉ0 ĉ−1 ĉ−2

ĉ1 ĉ0 ĉ−1

ĉ2 ĉ1 ĉ0







e′−1(z)

e′0(z)

e′1(z)


 . (3.11)
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Let’s generalize the problem to N dimensions and define the vectors consisting of diffraction

orders as follows:

ẽj = (ej,−N , ej,−N+1, ..., ej,N )T , (3.12a)

h̃j = (hj,−N , hj,−N+1, ..., hj,N )T , (3.12b)

Ñy = diag(Ny,n, n = −N, ..., N), dim(Ñy) = 2N + 1, (3.12c)

Ñx = diag(Nx), dim(Ñx) = 2N + 1, (3.12d)

Ẽij = (cij,nl) = (cij,n−l), dim(Ẽij) = (2N + 1)× (2N + 1), (3.12e)

where Ẽij are so called Toeplitz matrices consisting of the Fourier series coefficients. By using

the defined variables, the problem can be rewritten in the compact form




0 − ∂
∂z ik0Ñy

∂
∂z 0 −ik0Ñx

−ik0Ñy ik0Ñx 0







ẽ′x(z)

ẽ′y(z)

ẽ′z(z)


 = ik0




h̃′
x(z)

h̃′
y(z)

h̃′
z(z)


 , (3.13a)




0 − ∂
∂z ik0Ñy

∂
∂z 0 −ik0Ñx

−ik0Ñy ik0Ñx 0







h̃′
x(z)

h̃′
y(z)

h̃′
z(z)


 = −ik0




Ẽxx Ẽxy Ẽxz

Ẽyx Ẽyy Ẽyz

Ẽzx Ẽzy Ẽzz







ẽ′x(z)

ẽ′y(z)

ẽ′z(z)


 . (3.13b)

This is a similar problem to the equations (2.23a) and (2.23b) and can be solved by the same

approach. Wa can again introduce the vector

f̃(z) =
[
ẽ′x(z), h̃

′
y(z), ẽ

′
y(z), h̃

′
x(z)

]T
, (3.14)

and obtain the equation
∂

∂z
f̃(z) = ik0C̃f̃(z), (3.15)

where C̃ takes a form

C̃ =




−ÑxẼ
−1
zz Ẽzx I− ÑxẼ

−1
zz Ñx −ÑxẼ

−1
zz Ẽzy ÑxẼ

−1
zz Ñy

Ẽxx − Ñ2
y − ẼxzẼ

−1
zz −ẼxzẼ

−1
zz Ñx ÑyÑz + Ẽxy − ẼxzẼ

−1
zz Ẽzy ẼxzẼ

−1
zz Ñy

−ÑyẼ
−1
zz Ẽzx −ÑyẼ

−1
zz Ñx −ÑyẼ

−1
zz Ẽzy ÑyẼ

−1
zz Ñy − I

−ÑxÑy − Ẽyx + ẼyzẼ
−1
zz Ẽzx ẼyzẼ

−1
zz Ñx Ñ2

x − Ẽyy + ẼyzẼ
−1
zz Ẽzy −ẼyzẼ

−1
zz Ñy



.

(3.16)

This equation again represents eigenvalue problem and the solution is in similar form as in (2.30),

however now there are 4× (2N+1) propagating modes, half of them upward and half downward.

From the calculated eigenvectors the polarization matrix D(n) can be obtained and then used in

the boundary condition formulations.
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where

s(n) =


t

(n)
uu r

(n)
ud

r
(n)
du t

(n)
dd


 =


 c

(n)−1
uu −c

(n)−1
uu c

(n)
ud

c
(n)
du c

(n)−1
uu c

(n)
dd − c

(n)
du c

(n)−1
uu c

(n)
ud


 . (3.20)

The propagation through a layer can be described as follows:

A(n+1)
up (zn) = P(n+1)

up A(n+1)
up (zn+1) (3.21a)

A
(n+1)
down (zn+1) = P

(n+1)
down A

(n+1)
down (zn) (3.21b)

where P
(n+1)
up and P

(n+1)
down are the propagation matrices,

P(n+1)
up = diag

[
exp(−ik0N

(n+1)
z,n,upd

(n+1)), n = −N, ..., N
]
, (3.22a)

P
(n+1)
down = diag

[
exp(ik0N

(n+1)
z,n,downd

(n+1)), n = −N, ..., N
]
. (3.22b)

Substituing (3.21a) and (3.21b) into (3.20) leads to


 A

(n)
up (zn)

P
(n+1)−1
down A

(n+1)
down (zn+1)


 =


t

(n)
uu r

(n)
ud

r
(n)
du t

(n)
dd




P

(n+1)
up A

(n+1)
up (zn+1)

A
(n)
down(zn)


 . (3.23)

After rearranging the terms, we get


 A

(n)
up (zn)

A
(n+1)
down (zn+1)


 = s̃(n)


A

(n+1)
up (zn+1)

A
(n)
down(zn)


 , (3.24)

where

s̃(n) =


t̃

(n)
uu r̃

(n)
ud

r̃
(n)
du t̃

(n)
dd


 =


 t

(n)
uu P

(n+1)
up r

(n)
ud

P
(n+1)
down r

(n)
du P

(n+1)
up P

(n+1)
down t

(n)
dd


 . (3.25)

Let’s assume we know the scattering matrix of the subsystem describing transformation


 A

(0)
up (z0)

A
(n)
down(zn)


 = S(n)


 A

(n)
up (zn)

A
(0)
down(z0)


 , (3.26)

where

S(n) =


T

(n)
uu R

(n)
ud

R
(n)
du T

(n)
dd


 . (3.27)

The next layer can then be included into the system using the recursive formulae

T(n+1)
uu = T(n)

uu

[
I− r̃

(n+1)
ud R

(n)
du

]−1
t̃(n+1)
uu , (3.28a)

R
(n+1)
ud = R

(n)
ud +T(n)

uu

[
I− r̃

(n+1)
ud R

(n)
du

]−1
r̃
(n+1)
ud T

(n)
dd , (3.28b)

R
(n+1)
du = r̃

(n+1)
du + t̃

(n+1)
dd

[
I−R

(n)
du r̃

(n+1)
ud

]−1
R

(n)
du t̃(n+1)

uu , (3.28c)

T(n+1)
uu = t̃

(n+1)
dd

[
I−R

(n)
du r̃

(n+1)
ud

]−1
T

(n)
dd . (3.28d)
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3.3 Solutions in isotropic periodic media

In this section, the solution for isotropic media is derived. For the correct interpretation of

calculated data, the modes in the superstrate and substrate layers must be properly sorted and

the polarization vectors must be normalized. The matrix C̃ in an isotropic medium takes the

form

C̃ =




0 I 0 0

ẼR − k̃2
y 0 0 0

0 0 0 k̃yẼ
−1
R k̃y − I

0 0 −ẼR 0



, (3.29)

where ẼR and k̃y are both diagonal matrices. Therefore there is no coupling between different

modes. The Fourier coefficient matrix ẼR is in the form

ẼR =




c0 0 . . . 0

0 c0
...

. . .

0 c0



. (3.30)

This problem is similar to the problem in Section 2.2.1 and the same approach is used to solve

it. The eigenvalues of the matrix C̃ will take form

Nz,n,down =
√

εR −N2
y,n, (3.31a)

Nz,n,up = −
√

εR −N2
y,n, (3.31b)

where

Ny,n = Ny,0 + n
λ

Λ
, (3.32)

and the matrix of the eigenvectors could be expressed as

Diso =




I I 0 0

Ñz −Ñz 0 0

0 0 1√
εr
Ñz

1√
εR

Ñz

0 0 −√
εr I

√
εR I



, (3.33)

where

k̃z = diag(kz,n, n = −N, ..., N), dim(Ñz) = 2N + 1. (3.34)
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Assuming the permittivity of the boundary medium n(0) and the angle of incidence ϕ

n(0) =

√
ε
(0)
R . (3.35a)

Ny,0 = n(0) sinϕ, (3.35b)

the equation (3.33) will become

D(0) =




I I 0 0

Ñz −Ñz 0 0

0 0 1
n(0) Ñz

1
n(0) Ñz

0 0 −n(0) I n(0) I



. (3.36)

In order to use the polarization matrix in the S-matrix algorithm, it is important to sort the

matrix to upward and downward propagating modes:

D(0) =




I 0 I 0

−k̃z 0 −k̃z 0

0 1
n(0) k̃z 0 1

n(0) k̃z

0 n(0) I 0 −n(0) I



. (3.37)

3.4 Fourier factorization (FF) method

The expressions of the Maxwell equations (3.1a) and (3.1b) are in general valid, however by

truncating the Fourier series we are introducing an error into the solution. The error depends

on the dimension of the problem (the higher the better) and can be tested using the convergence

tests. In Figure 3.3 we can see the convergence of the s- and p- reflectance of a lamellar grating.

There is no problem with s- polarization, which is stable even for a few orders, however the

p- polarization converges slowly and oscillates around the correct solution. This problem arises

from the multiplication of Fourier series using the Laurent rule (3.7) of two functions with a

concurrent discontinuity.

This behaviour is connected to the Gibbs phenomenon. The finite Fourier series has large

oscillations near the discontinuities, which do not die out, but approach a finite limit [45], as

seen in Figure 3.4. There is no problem with the convergence for s- polarization, because in the

choosen coordinate system the field of s- polarized light is in x direction and is not influenced by

the truncation of the Fourier series, whereas the p- polarization needs to obey the continuity of

the Dy, where the Laurent rule applies.

To solve this problem, the expression (2.6a) needs to be transformed, so there are no con-

current discontinuities, and then expanded into the Fourier series and finally transformed back
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Figure 3.4: Gibbs phenomenon. The partial sums of Fourier series has large oscillations around

discontinuities. This overshot does not disappear with increasing number of terms, but ap-

proaches a finite limit. [48]

where the matrix Q is in the form

Q =




‖εxx − εxyε
−1
yy εyx‖+ ‖εxyε−1

yy ‖‖ε−1
yy ‖−1‖ε−1

yy εyx‖ ‖εxyε−1
yy ‖‖ε−1

yy ‖−1
...

‖ε−1
yy ‖−1‖ε−1

yy εyx‖ ‖ε−1
yy ‖−1

...

‖εzx − εzyε
−1
yy εyx‖+ ‖εzyε−1

yy ‖‖ε−1
yy ‖−1‖ε−1

yy εyx‖ ‖εzyε−1
yy ‖‖ε−1

yy ‖−1
...

... ‖εxz − εxyε
−1
yy εyz‖+ ‖εxyε−1

yy ‖‖ε−1
yy ‖−1‖ε−1

yy εyz‖
... ‖ε−1

yy ‖−1‖ε−1
yy εyz‖

... ‖εzz − εzyε
−1
yy εyz‖+ ‖εzyε−1

yy ‖‖ε−1
yy ‖−1‖ε−1

yy ‖−1‖ε−1
yy εyz‖


 .

The matrix Q then replaces the matrix of the Fourier coefficients Ẽ in the algorithm. It is

good to notice, that in the case of non-periodic permittivity function, the matrix Q simplifies

to the matrix Ẽ. However, this is not true for the truncated Fourier expansion of the periodic

permittivity function. The comparison between convergence of algorithm with and without FF

can be seen in the figure 3.5. We can see that FF leads to faster and stable convergence of the

algorithm.
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the same way as in (2.62a) and (2.62b), but we have to take into account the different k-vectors

of the propagating modes. The reflectance and transmittance between the i-th mode of the m-th

order in the k-th medium and the j-th mode of the n-th order in the l-th medium then take a

form

R
(kl)
mn,ij =

∣∣∣∣∣
< S

(k)
n,j(r, t) >z

< S
(k)
m,i(r, t) >z

∣∣∣∣∣ =
∣∣∣∣∣
<[A(k)

n,jA
(k)∗
n,j k

(k)
z,n,j ]

<[A(k)
m,iA

(k)∗
m,i k

(k)
z,m,i]

∣∣∣∣∣ =
∣∣∣∣∣
A

(k)
n,j

A
(k)
m,i

∣∣∣∣∣

2 ∣∣∣∣∣
<[k(k)z,n,j ]

<[k(k)z,m,i]

∣∣∣∣∣ =

=
∣∣∣r(kl)mn,ij

∣∣∣
2
∣∣∣∣∣
<[k(k)z,n,j ]

<[k(k)z,m,i]

∣∣∣∣∣ ,

(3.43a)

T
(kl)
mn,ij =

∣∣∣∣∣
< S

(l)
n,j(r, t) >z

< S
(k)
m,i(r, t) >z

∣∣∣∣∣ =
∣∣∣∣∣
<[A(l)

n,jA
(l)∗
n,j k

(l)
z,n,j ]

<[A(k)
m,iA

(k)∗
m,i k

(k)
z,m,i]

∣∣∣∣∣ =
∣∣∣∣∣
A

(l)
n,j

A
(k)
m,i

∣∣∣∣∣

2 ∣∣∣∣∣
<[k(l)z,n,j ]

<[k(k)z,m,i]

∣∣∣∣∣ =

=
∣∣∣t(kl)mn,ij

∣∣∣
2
∣∣∣∣∣
<[k(l)z,n,j ]

<[k(k)z,m,i]

∣∣∣∣∣ .

(3.43b)

43



4. Propagation of incoherent light in

layered media

So far the methods presented dealt only with the coherent processes that can be described by

the amplitude formalisms. This approach is sufficient for many applications, however a variety

of processes in nature is more complicated and it also involves incoherent effects. In order to

model such systems, statistical methods or methods based on transformation of intensities need

to be used. The most straightforward approach is to include a random phase difference into the

models and average the result over it. This method is relatively simple, but it is not feasible for

computationally more demanding systems, such as periodic structures.

In this chapter, a new method based on transformation of intensities using coherence-

transforming matrices is introduced and then it is generalized for periodic structures with many

propagating modes. First, the concept of coherency of light is described. Then the partial

wave summation method is introduced and generalized for incoherent propagation. After that,

the procedure for calculating response of multilayer structures is described. In the last section,

examples of numerical models are presented.

4.1 Coherence

The concept of coherence was first introduced in connection with the famous Thomas Young’s

double slit experiment. Coherence is an ideal property of waves, which describes the statistical

similarity of a field (electromagnetic, quantum, accoustic, etc.) in two points in space or time

[51–53]. Two perfectly coherent waves have constant phase difference, which enables stationary

interference between them. Interference is an important physical effect that influences many

practical areas of interest, in our case the light propagation through a layered media. Incoherency,

the lack of correlation between propagating waves, leads to changing phase difference and can

radically change the optical response of the system. It has also great effect in the systems
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with active layers. The interference between various emitted waves can influence the profile of

electric field in the active layer and alter the way the field is amplified. The coherence is also

an important concept in the case of light sources with preferred polarization of emitted light,

such as spin lasers, due to its effect on polarization. The incoherent summation of waves with

different polarizations leads to the depolarization of light, which is unwanted effect and should

be avoided.

Incoherent propagation in multilayer structures can have many origins. In the case of our

interest, it is the process of spontaneous emission in LED and laser structures. Another impor-

tant cause is a propagation through a thick substrate, which is often the case for samples on

transparent substrates in optical measurements. The measurements of multilayer structures are

also influenced by the technical limitations of our instruments, such as finite spectral resolution

of a monochromator. This leads to decrease of temporal coherence and interference phenomena

in spectral domain are suppressed. Another case is the spam of incident angles in the measured

beam, as the optical response of thicker films and resonant gratings usually strongly depends

on the angle of incidence. The convergence of focused optical beam could cause incoherent

averaging of responses for different angles. Another cause often seen while working with pre-

pared structures is thickness inhomogeneity. Inhomogenity of a layer thickness over the beam

spot causes incoherent averaging of different polarimetric responses. To account for these effects

also in structures with lateral periodicity, next sections deal with developing a new approach to

modelling of such systems.

4.2 Coherent propagation

In the first chapter, the M-matrix method for modelling of light propagation in layered

media was introduced. This method is convenient for modelling of thin films, but it isn’t as

easily generalized for incoherent propagation. In this section, we introduce another method,

partial wave summation [39] that can be easily generalized for incoherent propagation using

coherence-transforming matrices. This approach is based upon summation of partially reflected

and transmitted waves which form a geometric series, see Figure 4.1, and it uses the Jones

calculus as its mathematical aparatus.

4.2.1 Partial wave summation method

Jones vectors describe the electric field vector on the basis of two orthogonal polarizations,

in our case s- and p- (for an anisotropic case of media the propagating eigenmodes need to be
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used). The transformation of the state during the propagation through optical systems is then

described using 2× 2 Jones matrices. To describe the interaction of propagating waves with an

interface, the reflection and transmission Jones matrices R and T of k-th and k+1-th layer are

defined as follows:


A

(k)
s,down

A
(k)
p,down


 =


r

(k)
ss r

(k)
sp

r
(k)
ps r

(k)
pp




A

(k)
s,up

A
(k)
p,up


 = R(k)


A

(k)
s,up

A
(k)
p,up


 , (4.1a)


A

(k)
s,down

A
(k)
p,down


 =


t

(k)
ss t

(k)
sp

t
(k)
ps t

(k)
pp




A

(k+1)
s,down

A
(k+1)
p,down


 = T(n)


A

(k+1)
s,down

A
(k+1)
p,down


 , (4.1b)

where the reflection and transmission coefficients that comprise the Jones matrices R and T can

be obtained using the matrix methods described in Chapter 2. Similarly are defined backward-

reflection and backward-transmission Jones matrices,

Ṙ(k) =


ṙ

(k)
ss ṙ

(k)
sp

ṙ
(k)
ps ṙ

(k)
pp


 , (4.2a)

Ṫ(k) =


ṫ

(k)
ss ṫ

(k)
sp

ṫ
(k)
ps ṫ

(k)
pp


 . (4.2b)

To describe the process of propagation through a layer, similar propagation Jones matrices, as

in (2.49), are defined, but now they are separate for the forward and backward propagation,

P
(k+1)
down =


exp(ik0k

(k+1)
z,s d(k+1)) 0

0 exp(ik0k
(k+1)
z,p d(k+1))


 (4.3a)

Ṗ(k+1)
up =


exp(−ik0k

(k+1)
z,s d(k+1)) 0

0 exp(−ik0k
(k+1)
z,p d(k+1))


 (4.3b)

The process of propagation is quite complicated even through one layer, as can be seen in the

Figure 4.1. The incident wave is partially reflected and partially transmitted. The transmitted

part propagates through the layer and is again partially reflected/transmitted at the second

interface. The reflected part again propagates through the layer to the first interface where it is

in the case of thin layers coherently added to the first reflected wave. As we can see, this process

repeats infinitely and the partial waves form a series. In the terms of Jones calculus, the first

partial transmitted wave can be described as T(k+1)P
(k+1)
down T

(k)E
(k)
down, the second wave can be

described asT(k+1)P
(k+1)
down [Ṙ

(k)Ṗ
(k+1)
up R(k+1)P

(k+1)
down ]T

(k)E
(k)
down, the third wave can be described as

T(k+1)P
(k+1)
down [Ṙ

(k)Ṗ
(k+1)
up R(k+1)P

(k+1)
down Ṙ

(k)Ṗ
(k+1)
up R(k+1)P

(k+1)
down ]T

(k)E
(k)
down, etc. After summing
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coupling between individual modes which needs to be taken into account. As all the transfor-

mations are linear, the interaction of the propagating wave with an interface can be described

as


Ã

(k)
s,down

Ã
(k)
p,down


 =


r

(k)
ss r

(k)
sp

r
(k)
ps r

(k)
pp




Ã

(k)
s,up

Ã
(k)
p,up


 = R(k)


Ã

(k)
s,up

Ã
(k)
p,up


 , (4.11a)


Ã

(k)
s,down

Ã
(k)
p,down


 =


t

(k)
ss t

(k)
sp

t
(k)
ps t

(k)
pp




Ã

(k+1)
s,down

Ã
(k+1)
p,down


 = T(n)


Ã

(k+1)
s,down

Ã
(k+1)
p,down


 , (4.11b)

where the vectors Ã
(k)
s,down and Ã

(k)
p,down consist of amplitudes of (2N + 1) different propagating

modes

Ã
(k)
s,down = (A

(k)
−N,s,down, A

(k)
−N+1,s,down, ..., A

(k)
N,s,down)

T , (4.12a)

Ã
(k)
p,down = (A

(k)
−N,p,down, A

(k)
−N+1,p,down, ..., A

(k)
N,p,down)

T , (4.12b)

and the reflection coefficient matrices are in the form of

r(k)ss =




r
(k)
−N,−N,ss r

(k)
−N,−N+1,ss . . . r

(k)
−N,N,ss

r
(k)
−N+1,−N,ss r

(k)
−N+1,−N+1,ss

...
...

. . .

r
(k)
N,−N,ss . . . r

(k)
N,N,ss



, (4.13a)

r(k)sp =




r
(k)
−N,−N,sp r

(k)
−N,−N+1,sp . . . r

(k)
−N,N,sp

r
(k)
−N+1,−N,sp r

(k)
−N+1,−N+1,sp

...
...

. . .

r
(k)
N,−N,sp . . . r

(k)
N,N,sp



, (4.13b)

etc. These matrices are the result of the application of S-matrix algorithm as seen from (3.42).

Similarly, we can define the backward reflection and transmission matrices

Ṙ(k) =


ṙ

(k)
ss ṙ

(k)
sp

ṙ
(k)
ps ṙ

(k)
pp


 , (4.14a)

Ṫ(k) =


ṫ

(k)
ss ṫ

(k)
sp

ṫ
(k)
ps ṫ

(k)
pp


 . (4.14b)

The matrices R, T, Ṙ and Ṫ behave in the same way as the Jones matrices used in the partial

wave summation method and can be used in the Eq. (4.7), (4.8), (4.9) and (4.10) to obtain an

optical response of a thin film.
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4.3 Incoherent propagation

In the last section, the partial wave summation method was introduced as a way to describe

optical response of thin films. In this section, we introduce a concept of coherence matrices and

use them to generalize the partial wave summation method to thick layers where the propagation

is no longer a coherent process.

4.3.1 Coherence matrix formalism

The Jones matrix formalism used for coherent summation of partial waves is a useful tool

for description of totally polarized light, however, it cannot be used for description of incoher-

ent effects which cause depolarization. For more general description of light polarization, the

coherence matrix [51–53] is defined as follows:

Jc = 〈E⊗E∗〉 =


〈ExE

∗
x〉 〈ExE

∗
y〉

〈EyE
∗
x〉 〈EyE

∗
y〉


 =


Jxx Jxy

Jyx Jyy


 , (4.15)

where ⊗ denotes the Kronecker product and the angle brackets denote the enseble averaging.

In contrast to the Jones formalism, which deals with field amplitudes, the coherence matrix is

composed of second order moments and it enables us to describe partially polarized or depolarized

light. Also, the information about the phase of light is lost. The total intensity of light I and

the degree of polarization P can be expressed in terms of coherence matrix components as

I = tr(Jc) = Jxx + Jyy, (4.16a)

P =

[
1− 4 det(Jc)

[tr(Jc)]2

]1/2
. (4.16b)

For better manipulation, the coherence matrix elements can be rearranged to a column vector

and the transformation of light upon interaction can be desribed as

J =




J ′
xx

J ′
xy

J ′
yx

J ′
yy



= T




Jxx

Jxy

Jyx

Jyy



, (4.17)
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where T is the 4 × 4 coherence-transforming matrix. The coherence-transforming matrix of a

non-depolorazing system can be obtained from the corresponding Jones matrix as

T = T⊗T∗ =




T11T
∗
11 T11T

∗
12 T12T

∗
11 T12T

∗
12

T11T
∗
21 T11T

∗
22 T12T

∗
21 T12T

∗
22

T21T
∗
11 T21T

∗
12 T22T

∗
11 T22T

∗
12

T21T
∗
21 T21T

∗
22 T22T

∗
21 T22T

∗
22



. (4.18)

In the rest of this thesis the script letters will denote the coherence-trasforming matrices. The

coherence vectors and coherence-transforming matrices are connected to the well-known Stokes

vectors and Mueller matrices by simple transformation

S = AJ, (4.19a)

M = AT A−1, (4.19b)

where

A =




1 0 0 1

1 0 0 −1

0 1 1 0

0 −i i 0



. (4.20)

However, in this thesis we will use the coherence-transforming matrices in our models for their

more intuitive connection to the light reflection and transmission in layered structures. The same

form of the reccurent formulae, as the one used for the coherence-transforming matrices, can be

also used for the Mueller matrices.

4.3.2 Incoherent partial wave summation

The generalization of the parital wave summation method for incoherent propagation using

coherence-transforming matrices is based on properties of the Kronecker product that intro-

duces a symmetry between the product of Jones matrices and the product of the corresponding

coherence-transforming matrices. It can be shown that the product A = BC corresponds to the

product A = BC. For example, in the case of the term A11, which can be expressed as

A11 = B11C11 +B12C21, (4.21)

A11 = (B11C11 +B12C21)(B11C11 +B12C21)
∗, (4.22)

or by multiplying corresponding coherency-transforming matrices

A11 = B11C11 + B12C21 + B13C31 + B14C41 = (B11C11 +B12C21)(B11C11 +B12C21)
∗. (4.23)
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We can see that both operations lead to the same result. The rest can be easily derived in

the same way. Using these properties the same approach as in the Section 4.2 can be used to

describe the incoherent propagation. There are infinite partial waves reflecting in the layer (as

seen in Figure 4.1) that sum up and give the final wave leaving the structure. However, in

this case the summation needs to be done incoherently in terms of coherence vectors based on

intensities rather than amplitudes. The transformation during partial reflection/transmission is

then described using the coherence-transforming matrices R(n), T (n), Ṙ(n), Ṙ(n) etc., which are

obtained using relation (4.18) (this is true for continuous layers, the case of layers with lateral

periodicity will be described in the later sections). It is good to note that coherency-transforming

upward- and downward- propagation matrices are in this case the same

P(k+1)
down = Ṗ(k+1)

up = P(k+1) =



exp[2 =(k(k+1)
z,s )d(k+1)] 0

...

0 exp[ik0(k
(k+1)
z,s − k

(k+1)∗
z,p )d(n+1)]

...

0 0
...

0 0
...

... 0 0

... 0 0

... exp[ik0(k
(k+1)
z,p − k

(k+1)∗
z,s )d(k+1)] 0

... 0 exp[2 =(k(k+1)
z,p )d(k+1)]




(4.24)

and there is no information about the phase after propagating through the layer which prohibits

the interference between partial waves. The only interference that can be present, is due to

the cross-polarization coupling in anisotropic layers. According to the same logic as before, the

partial waves form a geometric series and their summation leads to the same formulas as in (4.7),

(4.8), (4.9) and (4.10):

T (k→k+2) = T (k+1)P(k+1)(I − Ṙ(k)P(k+1)R(k+1)P(k+1))−1T (k), (4.25a)

R(k→k+2) = R(k) + Ṫ (k)P(k+1)R(k+1)P(k+1)(I − Ṙ(k)P(k+1)R(k+1)P(k+1))−1T (k), (4.25b)

Ṫ (k→k+2) = Ṫ (k)P(k+1)(I −R(k+1)P(k+1)Ṙ(k)P(k+1))−1Ṫ (k+1), (4.25c)

Ṙ(k→k+2) = Ṙ(k+1) + T (k+1)P(k+1)Ṙ(k)P(k+1)(I −R(k+1)P(k+1)Ṙ(k)P(k+1))−1Ṫ (k+1).(4.25d)

4.3.3 Partial wave summation for multilayers with gratings

The formula (4.18) can be used for obtaining the coherence-transforming matrices of con-

tinuous layers. However, in the case of layers with lateral periodicity, where many propagating
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modes are present, it is no longer so easily applicable. The simple use of the Kronecker product

would lead to emergence of cross-mode terms

J̃ (k) =




...

A
(k)
n A

(k)∗
n+1

...


 , (4.26)

that would result in a correlation between amplitudes of different modes, which is not present

in real structures. Two approaches to prevent this in our models are presented. The first one

still uses the Kronecker product according to (4.18), but zeroes out the unwanted terms. This

approach is easy to implement but more computationally demanding and algorithmic efficiency

grows according to ≈ (2N+1)2 with the number of modes. The other approach is more formal. It

treats the effects of individual propagating modes separately and after constructing the individual

coherence-transforming matrices separately, the final total coherence-transforming matrices are

constructed. As there are no redundant terms in the process, the final matrices describing the

interactions have smaller dimensions and the algorithm is faster. However, because of non-

trivial rearranging of the transmission and reflection matrices, this approach is more difficult to

implement and deeper understading of the algorithm details is needed.

In the first approach, we use previously defined matrices of reflection and transmission

coefficients (4.11a), (4.11b), (4.14a) and (4.14b) and transform them using the Kronecker product

according to (4.18). This operation leads to an emergence of the unwanted cross-mode terms

mentioned earlier. To set them zero, the modified coherence-propagation matrix P(n+1)′ is

defined. The indexes of non-zero terms form a sequence

A1 = 1, An = An−1 + (2N + 1) +
1

2
−
(
−1

2

)n

. (4.27)

Using this sequence, we define a matrix B with dimensions (4N + 2)2:

bij =




1, i = j ∈ An,

0, otherwise.
(4.28)

(2N + 1) is the total number of modes present. The propagation matrix P(n+1)′ is then trans-

formed using the matrix B

P(n+1)′ = P(n+1)


B 0

0 B


 . (4.29)

Using the modified propagation matrix P(n+1)′ , the partial wave summation algorithm can be

used again in the same way as for non-periodic medium. However, as the matrices have a lot of

redundant terms, the algorithm is slower then it needs to be.
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The second approach treats the propagating modes separately. First, let’s define the Jones

matrices for the reflection and tranmission of n-th to m-th mode.


A

(k)
m,s,up

A
(k)
m,up


 =


r

(k)
mn,ss r

(k)
mn,sp

r
(k)
mn,ps r

(k)
mn,pp




A

(k)
n,s,down

A
(k)
n,p,down


 = R(k)

mn


A

(k)
,ns,down

A
(k)
n,p,down


 , (4.30a)


A

(l)
m,s,down

A
(l)
m,p,down


 =


t

(k)
mn,ss t

(k)
mn,sp

t
(k)
mn,ps t

(k)
mn,pp




A

(k)
n,s,down

A
(k)
n,p,down


 = T(k)

mn


A

(k)
n,s,down

A
(k)
n,p,down


 , (4.30b)

and similarly the backward matrices

Ṙ(k)
mn =


ṙ

(k)
mn,ss ṙ

(k)
mn,sp

ṙ
(k)
mn,ps ṙ

(k)
mn,pp


 , (4.31a)

Ṫ(k)
mn =


ṫ

(k)
mn,ss ṫ

(k)
mn,sp

ṫ
(k)
mn,ps ṫ

(k)
mn,pp


 . (4.31b)

All of these coefficients can be extracted from the total S-matrix of thin film periodic system

(3.42). Now let’s define the propagation matrix of the n-th mode as

P(l)
n =


exp(∓ik0k

(l)
n,z,sd(l)) 0

0 exp(∓ik0k
(l)
n,z,pd(l))


 . (4.32a)

The corresponding coherence-transforming matrices R(k)
mn, T (k)

mn , Ṙ(k)
mn, Ṙ(k)

mn,P(l)
n , which now de-

scribe transformation of just one mode, can be obtained using the relation (4.18). The propagat-

ing waves at the k-th layer can be described in terms of the coherence vectors of N propagating

waves as follows:

J (k)
n =

[
A

(k)
n,sA

(k)∗
n,s , A

(k)
n,sA

(k)∗
n,p , A

(k)
n,pA

(k)∗
n,s , A

(k)
n,pA

(k)∗
n,p

]T
, (4.33)

J̃ (k)
down =

[
J (k)
−N,down,J

(k)
−N+1,down, ...,J

(k)
N,down

]T
, (4.34)

J̃ (k)
up =

[
J (k)
−N,up,J

(k)
−N+1,up, ...,J

(k)
N,up

]T
, (4.35)

and upon interacting with an interface they are transformed according to




J (k)
−N,up

J (k)
−N+1,up

...

J (k)
N,up




=




R(k)
−N,−N R(k)

−N,−N+1 . . . R(k)
−N,N

R(k)
−N+1,−N R(k)

−N+1,−N+1

...
...

. . .
...

R(k)
N,−N . . . . . . R(k)

N,N







J (k)
−N,down

J (k)
−N+1,down

...

J (k)
N,down




= R̃(k)J̃ (k)
n,down,

(4.36)

53



and for transmission

T̃ (k) =




T (k)
−N,−N T (k)

−N,−N+1 . . . T (k)
−N,N

T (k)
−N+1,−N T (k)

−N+1,−N+1

...
...

. . .
...

T (k)
N,−N . . . . . . T (k)

N,N



. (4.37)

The same relations hold for the backward matrices ˙̃R
(k)

mn,
˙̃T
(k)

mn too. To describe the incoher-

ent propagation through a thick layer, the total propagation matrix is constructed out of the

individual mode proagation matrices,

P̃(l) =




P(l)
−N 0 . . . 0

0 P(l)
−N+1

...
...

. . .
...

0 . . . . . . P(l)
N



. (4.38)

Matrices in this form can now be used in the partial wave summation formulas (4.25a), (4.25b),

(4.25c) and (4.25d) as described earlier.

4.3.4 Dimension reduction

Most of the modes propagating through the structure are evanescent and decay exponen-

tionally from the interface. In the case of thick layers, evanescent modes become negligible

and do not need to be included in the computations. Because of this fact, it is convenient to

reduce the dimension of the problem only to modes that are not evanescent. The number of

propagating modes is dependent on the period of the grating, wavelength of the light and the

angle of incidence, so it needs to be determined on the case by case basis. First, the thin layer

subsystems including the periodic layers are modelled using higher dimension of the problem.

However, while constructing the total coherence matrices of the thin films system, the dimen-

sions are reduced and only few modes are used. The convergence of the solution in relation to

the number of modes used for partial wave summation can be seen in the Figure 4.2. Figure

shows the convergence of the zero diffraction order reflectivity Rp of the sample structure with

capping thick layer motivated by flexible diffractive components, which is more closely studied

in Section 4.4. The reflectivity is modelled for wavelength 400 nm and several incidence angles.

We can see different behaviour for every incidence angle due to the strong diffraction dependency

on the incidence angle, however, the data stabilizes for five included modes. Higher modes are

evanescent and do propagate in the thick layer, therefore they do not need to be included in

calculations.
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constructing the total coherence matrices from individual coherence-transforming matrices

of the propagating modes.

• The dimension of problem is then reduced, so that only propagating waves are included.

• The incoherent partial wave summation formulae (4.25a), (4.25b), (4.25c) and (4.25d) are

recurrently applied to obtain the total reflection and transmission coefficients of the whole

system.

}

}

}

thick

thick

thin

thin

thin

thick

thick

@
@R

-

�
��

Figure 4.3: Recurrence for multilayer system consisting of thin and thick layers

4.5 Numerical models

In this section, we will study a real structure using presented methods and compare differ-

ent approaches. The studied structure, seen in Figure 4.4, is motivated by flexible diffraction

gratings. It consists of a relief grating in polycarbonate with applied reflective aluminium film

immersed in thick UV-protection capping layer. The parameters of the model can be seen in

Fig. 4.4. Due to the presence of the thick capping layer (which introduces incoherent effects),

this structure is ideal for demonstration of our models for incoherent propagation in the systems

with lateral periodicity.

4.5.1 Grating without the capping layer

In the first step, the grating without the capping layer was modelled. Figures 4.5 and 4.6

shows Rs and Rp reflectivities for zero and first two diffraction orders. We can see complex

behaviour that is typical for gratings. The Rs for zero diffraction order vanishes around 600 nm

and its energy is transferred into the first diffraction order that has its maximum around the

same wavelength. Similar behaviour can be also observed for Rp reflectivity. We can see two
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5. Light emission from multilayers

This chapter is devoted to modelling of light emission from multilayers containing active

dipole layers, such as LEDs and VCSELs. The matrix method presented is based on the work

of Fördös et. al. [17, 18, 38] and it has been used for modelling of light emission profile and

polarization properties of spin-VCSELs in dependence on the spin-polarization of the injected

current. However, this method relies on the averaging over random phase to account for incoher-

ent emission processes. With the goal of combining this method with RCWA to model VCSELs

containing periodic structures, this method is expressed using coherence-matrices in order to

model these incoherent effects. This will bring the method into the same formalism developed

in the previous chapter and it will enable the combination of the two.

5.1 Multilayers with active dipole sources

Figure 5.1 shows structure with an active layer surrounded by multilayers. A(0) denotes the

amplitudes in the superstrate, A′ denotes the amplitudes right above the active layers and they

are together related by tansfer matrix M(1) as follows:


 A

(0)
up

A
(0)
down


 =


M

(1)
uu M

(1)
ud

M
(1)
du M

(1)
dd




 A′

up

A′
down


 ,


 A′

up

A′
down


 =


Ṁ

(1)
uu Ṁ

(1)
ud

Ṁ
(1)
du Ṁ

(1)
dd




 A

(0)
up

A
(0)
down


 , (5.1)

where

Ṁ(1) = [M(1)]−1. (5.2)

Similarly, the amplitudes right below the active layer A′′ and the amplitudes in the subsrate

A(N+1) are related by transfer matrix M(2)


 A′′

up

A′′
down


 =


M

(2)
uu M

(2)
ud

M
(2)
du M

(2)
dd




A

(N+1)
up

A
(N+1)
down


 . (5.3)
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where δ is the coefficient of stimulated emission (gain) and the norms |Ad
up| and |Ad

down| are
defined as

|Ad
up| =

√
Ad

2A
d∗
2 +Ad

4A
d∗
4 , (5.9a)

|Ad
down| =

√
Ad

1A
d∗
1 +Ad

3A
d∗
3 . (5.9b)

By combining equations (5.1), (5.3) and (5.7), we get a compact matrix form [38] of the problem,


 −M

(2)
uu TuuM

(2)
ud

TddṀ
(1)
du −Ṁ

(1)
dd




 A

(0)
up

A
(N+1)
down


 = −γ


 Ad

up

Ad
down


 . (5.10)

As spontaneous emission is not a coherent process, the terms Ad
up and Ad

down need to be

added incoherently to the propagating wave. One way of achieving this is to introduce random

phase factors to the source terms




Ad
2

Ad
4

Ad
1

Ad
3



−→




eiϕ2Ad
2

eiϕ4Ad
4

eiϕ1Ad
1

eiϕ3Ad
3



= eiϕ1




ei(ϕ2−ϕ1)Ad
2

ei(ϕ4−ϕ1)Ad
4

Ad
1

ei(ϕ3−ϕ1)Ad
3



= eiϕ1




ei∆ϕ2Ad
2

ei∆ϕ4Ad
4

Ad
1

ei∆ϕ3Ad
3



, (5.11)

and average intensity based quantites over random phase as follows

Sout = 〈Sout(∆ϕ2,∆ϕ3,∆ϕ4)〉ϕ2,ϕ3,ϕ4
, (5.12)

where Sout is the Stokes vector in the form (in the case that the A2 described s- polarization and

A2 described p-polarization)




S0

S1

S2

S3



=




A
(0)
2 A

(0)∗
2 +A

(0)
4 A

(0)∗
4

A
(0)
2 A

(0)∗
2 −A

(0)
4 A

(0)∗
4

A
(0)
2 A

(0)∗
4 +A

(0)
4 A

(0)∗
2

i(A
(0)
4 A

(0)∗
2 −A

(0)
2 A

(0)∗
4 )



. (5.13)

Furthermore, in case of spin-polarized light emission, certain polarizations are preferred [17]

according to the quantum selection rules. Thus,

ϕ2 = ϕ4, (5.14)

ϕ1 = ϕ3 = 0, (5.15)

and the problem simplifies to

Sout = 〈Sout(∆ϕ2)〉ϕ2
. (5.16)
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consists of more active layers, it can be treated by using a recurrent approach described in

Ref. [38].

5.3 Modelling of the source amplitude

This section is devoted to the discussion about finding source terms Ad
up and Ad

down that are

used in the previous models. As our models aim at use for modelling of spin-polarized lasers, we

will focus on recombination processes in semiconductors. Two different cases are mentioned and

described. First corresponds to the light sources without spin polarized current, for which there

is no preferred polarization of the emitted light. The second is the case of spin-polarized light

emission, for which particular optical polarizations are preferred. However, as this topic is not

the main focus of this thesis, the models are not exhaustively described and more details can be

found in Ref. [17,18]. The emission process is closely related to the actual mechanisms of emission

concerned and in most cases it depends on the emission angle ϕ. It is established that emission in

a semiconductor can be represented by the electric dipole emission in the weak coupling regime

(emitters are basically incoherent). The electric dipoles are vectorial point sources with any

possible orientation, however, in the case of quantum well structures, typical for VCSELs, there

is a preference for emission by horizontaly aligned dipoles.

5.3.1 Sources without preferred polarization

In the semiconductors without spin-polarized current, there is no preference for the emitted

polarization. This model was presented by Benisty et. al. [21] (see Reference for detailed expla-

nation of the problem). The emitted intensity depends on the mutual orientation of the wave

vector k and the dipole moment and can be decomposed into p- and s- componets as follows

Ah
s = A sinϕ, (5.20)

Ah
p = A cos θ(n) cosϕ = A

k
(n)
z

n(n)k0
cosϕ, (5.21)

where ϕ is the azimuth and θ is elevation of k. Furthermore, the dipole moment can have any

orientation in the plane of the quantum well, so the emitted amplitudes can be averaged over ϕ

and normalized for emitted power. The result is in the following form:

Ah
s = ± 3

16π
, (5.22)

Ah
p = ± 3

16π

k
(n)
z

n(n)k0
. (5.23)
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We can see, that the polarization of the emitted light changes with the emission angle. This

approach was used in Reference [21] to study resonant cavity LED structures.

5.3.2 Sources with preferred circular polarization

In the case of spin-polarized lasers, circularly polarized photons are emitted due to the

conservation of angular momentum during recombination process. Such sources can be viewed

as two-crossed linear sources with the phase shift of π/2 and can in general be modelled by

parametrized function [17] as

Ad
down,L = Ad

up,R =


 As + Bs cos

l( k
(n)
z

n(n)k0
)

−i(Ap + Bp cos
l( k

(n)
z

n(n)k0
))


 , (5.24)

Ad
down,R = Ad

up,L =


 As + Bs cos

l( k
(n)
z

n(n)k0
)

i(Ap + Bp cos
l( k

(n)
z

n(n)k0
))


 , (5.25)

where A, B and l are positive constants determined by theory or experiment and the indexes

R and L denote the right- and the left- circular polarizations. The total source vector is then

combination of these two circularly polarized independent sources

Ad
up,down = α


 As + Bs cos

l( k
(n)
z

n(n)k0
)

−i(Ap + Bp cos
l( k

(n)
z

n(n)k0
))


+ βeiϕ̃


 As + Bs cos

l( k
(n)
z

n(n)k0
)

i(Ap + Bp cos
l( k

(n)
z

n(n)k0
))


 , (5.26)

where the coefficients α and β depend on the transition probabilities and spin-current polariza-

tion. As the two sources are incoherent, random phase factor ϕ̃ for isotropic case is introduced.

This approach is used in Ref. [17] to calculate the emission profiles and the polarization of

the emitted light from spin-VCSEL structures containing magneto-optically active layers as a

function of spin-polarization and it leads to the combination of the dipole sources

Ad
up,down =

n+

n+ + n−


√ξHH


 1

−i cos θ(n)


+ eiϕ̃

√
ξLH


 1

i cos θ(n)




+

n−

n+ + n−


√ξLH


 1

−i cos θ(n)


+ eiϕ̃

√
ξHH


 1

i cos θ(n)




 , (5.27)

where n+, n− are spin-polarized carriers densities and ξHH , ξLH are normalized transition propa-

bilities for light and heavy hole transitions. This model assumes independence of stochastic HH

and LH transitions.
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5.3.3 Transformation of emitted field upon refraction

For the process of calculating outside power emitted by the structure, it is important to also

account for the change of the solid angle upon refraction. This section briefly introduces the

approach described by Benisty et. al. and for more detailed discussion see [21]. The power per

unit solid angle and surface area Π = dP/dΩdS is related to the same quantity in the source

layers as

Π

Πi
=

dP

dPi

dΩi

dΩ
, (5.28)

where the index i denotes the source layer. The first factor denotes the power transmission

coefficient, which is related to the Poynting vector flux Sp as

dP

dS
=

Sp.dS

dS
= |E|2kz

k
, (5.29)

therefore [see also (2.66b)],

dP

dPi
=

|E|2
|E|2i

kz
kz,i

. (5.30)

The second term describing the change of the solid angle can be expressed as (see Ref. [55] for

examples and more detailed description)

dΩi

dΩ
=

nkz
nikz,i

(5.31)

The total outside power is then

Π = |E|2 nk2z
nik2z,i

Πi = |Eout|2
nk2z
nik2z,i

, (5.32)

where Eout denotes the calculated outside field, according to (5.10) or (5.19), modulated by the

refraction factor.

5.4 Coherence-matrix based approach

The approach to modelling of multilayers with active dipole layers is so far dependent on

averaging over random phase factor to take into account incoherent effects. As we mentioned

before, this processes is not efficient and becomes extremely computationaly demanding in the

case of multilayers containing layers with lateral periodicity. Here we propose an alternative

approach for modelling of incoherent propagation based on coherence-transforming matrices can

be used. This would enable incorporating layers with lateral periodicity into multilayers above
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or below the active region and it would enable us modelling of VCSELs with periodic gratings

or photonic crystals.

The main issue with expressing models of active layers using coherence-transforming matrices

is to correctly separate the coherent and incoherent processes in the equation. The terms with

the same random phase factor need to be added coherently, so it needs to be done by adding

the amplitude-based Jones matrices. After adding all the coherent terms, we are left with the

terms with different random phase factors that need to be added incoherently. In this step, the

Jones matrices are transformed into coherence-transforming matrices and the final expression is

obtained. Let’s demonstrate this process on the following example. We have a system containing

the source with preferred polarization described by the equation

 A

(0)
up

A
(N+1)
down


 =


S

(1)
uu 0

0 S
(2)
dd




 I −TuuS

(2)
ud

−TddS
(1)
du I



−1

γ


e

i∆ϕ2Ad
up

Ad
down


 . (5.33)

There are two different phase factors, terms with vector Ad
up and with vector Ad

down. All the

terms containing the same phase factor are coherent processes. They can be summed up and

expressed using single compact matrix as follows:

 A

(0)
up

A
(N+1)
down


 = G


e

i∆ϕ2Ad
up

Ad
down


 =


Guu Gud

Gdu Gdd




e

i∆ϕ2Ad
up

Ad
down


 . (5.34)

Now, there are only two terms with different phase factors that need to be added incoherently.

The submatrices can be transformed into the coherence-transforming matrices using the Kro-

necker product

Guu = Guu ⊗G∗
uu, (5.35)

Gud = Gud ⊗G∗
ud, (5.36)

Gdu = Gdu ⊗G∗
du, (5.37)

Gdd = Gdd ⊗G∗
dd, (5.38)

and the final equation takes the form

 A(0)

up

A(N+1)
down


 =


Guu Gud

Gdu Gdd




 Ad

up

Ad
down


 , (5.39)

where the transformation is no longer expressed using the Jones vector but by using the Coherence

vectors. Coherence vectors can then be transformed into the Stokes vectors according to (4.19a)

and the same result as from averaging over the random phase factors in (5.16) is obtained. As

this approach doesn’t depend on averaging over the phase factor δϕ2, it is a more efficient and

it allows adding of layers with lateral periodicity into the model.
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air superstrate n(0) = 1

incident wavelength λ = 680 nm

λ\n(1) thick layer 1 n(1) = 2

λ\n(2) thick layer 2 n(2) = 3.6

active layer

coefficient of spontaneous emission γ = 1

coefficient of stimulated emission δ = 0

λ\n(2) thick layer 2 n(2) = 3.6

λ\n(1) thick layer 1 n(1) = 2

air substrate n(0) = 1

Table 5.1: Parameters of the modelled LED structure.

5.5 Numerical models

In this section, we demonstrate validity of the approach based on coherence-matrices in

comparison to result obtained by averaging over random phase on a simple LED structure. The

modelled structure can be seen in Figure 5.3. It consists of one active layer surrounded by

symmetrical multilayer and the emission is modelled for the parameters seen in Tab. 5.1. As our

goal is just to compare both algorithms, very simple isotropic model without stimulated emission

was chosen. Also for simplicity, the simple source vectors emitting only s- polarization

Ad
down =


1

0


 ,Ad

up =


1

0


 , (5.40)

that arr not dependent on the emission angle, were chosen.

The comparison of the normalized S0 component of the emitted Stokes vector modelled

by both approaches can be seen in Figure 5.4. The emission profile without averaging is also

shown. We can see typical emission profile with the maximum for the normal emission angle.

Both algorithms give us the same result with a small difference for the normal emission due to

the statistical nature of averaging over a finite set of values. The model without averaging is

completely different. All components of the emitted Stokes vector can be seen in Figure 5.5.

The data shows that the s- polarized light was emitted (S0 = S1 and other components are zero)

for every emission angle, as expected for the isotropic system and the source term chosen. For

better view of the emission profile, the polar plot of emitted intensity is also shown in Figure
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6. Conclusions

The goal of this thesis was understanding of RCWA, its application to anisostropic 1D grating

structures and modelling of light emission from structures containing active layers with the aim of

combining these approaches to model active structures containing layers with lateral periodicity.

In order to do so, a new formalism for modelling of incoherent propagation in grating structures

was developed.

The original results of the thesis are:

• Developing a new formalism for modelling of incoherent propagation in grating structures

(Sections 4.3 and 4.4) that solves the problem of combining models of active structures

with RCWA due to the treatment of incoherent processes by averaging over random phase

factor.

– Application of the developed formalism to models of flexible diffractive components

including incoherent propagation in the thick capping layer and the comparision with

the coherent and partially coherent models (Section 4.5).

• Expressing the models of active structures in terms of coherence matrix based formalism

making them compatible with RCWA (Section 5.4).

– Demonstrating the validity of the coherence matrix based approach on a simple LED

structure and comparing it with the method of averaging over random phase factor

(Section 5.5).

The results of this thesis leave us with a lot of future prospects. The goals of the future

research are following:

• To check models validity by comparing results of our models with the actual experimental

data measured on the flexible diffractive gratings by Mueller matrix ellipsometry.
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• To combine RCWA with the models of active structures by the use of the formalism de-

veloped in this thesis.

• Use of the models of incoherent propagation in grating structures for modelling of flexible

diffractive optics components, such as security holograms.

• To generalize the developed formalism of incoherent propagation for 2D periodic structures,

such as arrays of quantum dots [56, 57] or photonic crystals.

• To model actual spin-VCSEL structures in order to understand the underlying processes

and to design spin-lasers for future applications.

I will continue in my research during my PhD studies that I will do in co-tutelle program at

Ècole Polytechnique in Paris and VŠB-Technical University of Ostrava on the topic of Modeling

of spin-lasers with lateral periodicity, for which I was granted the French Government scholarship.

Contributions:

P. Ciompa, K. Postava, T. Fördös, H. Jaffrès, J. Peřina, J. Pǐstora, ”Modelling of incoherent

propagation in periodic structures”, Optics Express, to be submitted

K. Postava, P. Ciompa, J. Pǐstora, ”Modelling of ellipsometric response from periodic structures

including incoherent propagation”, 10th Ellipsometry Workshop, 19th - 21st March, 2018 in

Chemnitz, Germany

P. Ciompa, K. Postava, T. Fördös, H. Jaffrès, J. Pǐstora, ”Modelling of incoherent propagation in

periodic structures”, 21st Czech-Polish-Slovak Optical conference on Wave and Quantum aspects

of contemporary optics, 3. 7. September, 2018, Lednice, Czech Republic
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