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Abstrakt

Tato diplomova prace se zabyva vyvojem novych piistupti k modelovani anisotropnich vrstev-
natych struktur obsahujici aktivni vrstvy a periodické laterdlni 1D miizky. K modelovéani period-
ickych mfizek je pouzita metody vézanych vidu (RCWA) a modely zdrojovych vrstev vychazeji
ze 4 x 4 maticového formalismu vhodného k modelovani spin-polarizovanych elektroluminiscenéni
diod (spin-LEDs) a spinovych laseru s vertikdlni usporadanim (spin-VCSELs). Pro umoznéni
kombinace téchto dvou piistupu je vyvinut novy formalismus k modelovani §ifeni nekoherentniho
svétla v periodickych strukturdch zalozeny na koherenénich/Muellerovych maticich, ktery je
demonstrovan na strukture flexibilnich difrakénich komponent obsahujici tlusté vrstvy. Modely
zdrojovych struktur jsou poté vyjadieny pomoci stejného formalismu, ktery zahrnuje nekoher-

entni procesy a umoznuje integraci periodickych i zdrojovych vrstev v ramci jednoho modelu.

Klicova slova: RCWA, aktivni vrstvy, spin-LED, spin-VCSEL, periodické mftizky, nekoher-

entni Siteni, koherenéni matice, Muellerovy matice

Abstract

This thesis deals with the development of new approaches for modelling of multilayers with
active dipole layers and 1D lamellar gratings. The rigorous coupled wave algorithm (RCWA) is
used for modelling of periodic gratings and models of active dipole layers are based upon 4 x 4
matrix formalism suitable for modelling of spin-polarized light emitting diodes (spin-LEDs) and
vertical-cavity surface-emitting lasers (spin-VCSELs). To enable the combination of these two
approaches a new formalism for modelling of incoherent propagation in periodic structures based
on coherence/Mueller matrices is introduced and it is demonstrated on the structure of flexible
diffraction components that include thick layers. Models of active dipole layers are then ex-
pressed using the same formalism that enables the integration of both periodic and active layers

in the same model.

Keywords: RCWA, active layers, spin-LED, spin-VCSEL, lamellar gratings, incoherent propa-

gation, coherence matrix, Mueller matrix
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List of symbols and abbreviations

VCSELSs Vertical-cavity surface-emitting lasers
spin-LEDs Spin-polarized light emitting diodes
spin-VCSELSs Spin-polarized vertical-cavity surface-emitting lasers
HCG High contrast gratings

RCWA Rigorous coupled wave analysis
MEs Maxwell equations

E(r,t) Electric field intensity vector
H(r,t) Magnetic field intensity vector
D(r,t) Electric displacement vector

B(r,t) Magnetic flux density vector

p(r,t) Charge density

j(r,t) Current density vector

€0 Permittivity of free space

1o Permeability of free space

€o Relative permittivity tensor

X Electric susceptibility tensor

P(r,t) Polarization density vector

M(r, t) Magnetization density vector

1 Identity matrix of proper dimension
& Electric conductivity tensor

w Angular frequency

) Imaginary unit

éR Complex permittivity tensor

€ Permittivity tensor

Ey Complex electric field amplitude

Hy Complex magnetic field amplitude
e Electric field polarization vector

h Magnetic field polarization vector
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Wayve vector

Free space wave vectro amplitude

Index of refraction

Position vector

Incidence angle

Azimuth angle of the incidence plane
Normalized electric field intensity vector
Normalized magnetic field intensity vector
Normalized complex electric field amplitude
Normalized complex magnetic field amplitude
Normalized electric field polarization vector
Normalized magnetic field polarization vector
Speed of light

curl operator

i-th part of index of refraction (see Eq. (2.22a)
Vector of the tangential components of the field vectors
Matrix of the eigenvalue problem

Eigenvalue of a matrix

Eigenvector of a matrix

Coefficients of linear combination

Eigenvalue matrix

Amplitude of propagating eigenmodes
Propagation matrix of a layer

Width of a layer

Normal vector of the interface

Surface current density

Total transfer matrix

Reflection coefficients

Transmission coefficients

Transmittance

Reflectivity

Poynting vector, S-matrix

Period
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R Real part

R Imaginary part

Cij Fourier coefficient

G Tensor of i-th order Fourier coefficients of permittivity tensor
N Vector or matrix consisting of many fourier harmonic modes
E;; Toeplitz matrix of Fourier coefficients

IR Operation of creating oeplitz matrix from Fourier coefficients
£, ... Backward coefficients

J. Coherence matrix

J Coherence vector

T,9,R,P,G Coherence-transforming matrices of corresponding quantities
B Propagation transforming matrix

Ad Amplitude source vector

T Source matrix
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1. Introduction

Vertical-cavity surface-emitting lasers (VCSELSs) are important part of many technologies
today. They dominate the light source market for data communication such as Gigabit Ethernet
and Fiber Channel. They are ideal light sources in data centers, high-performance computers,
optical interconnects, automotive networks, optical mouses and high definition displays [1-8].
The high popularity of VCSEL lasers is due to its advantages, such as low operating current and
power consumption, high fiber coupling efficiency and high modulation bandwidth. They are
also ideal for 2D laser arrays due to their size. Their advantages lie also in the economical side of
things because they are cheap and easily manufactured by the same processes as the traditional
integrated parts. Furthermore, a new generation of spin-polarized light sources is approaching
due to advances in the field of spintronics. The recombination of spin-polarized carriers in spin-
polarized light sources leads to emission of polarized light and gives us a better control over the
polarization of emitted light. Spin-polarized light-emitting diodes (spin-LEDs) [9-11] are already
used in the experimental spintronics and spin-VCSELSs [12,13] promise lower threshold [14], better
polarization control [15] and faster modulation dynamics [16]. For future applications of spin-
VCSELSs, a precise modelling of light emission and its polarization is required and some models
have already been presented [17,18]. This model is based on the combination of 4 x 4 Yeh’s
matrix formalism [19,20] and the description of active dipole layers done by Benisty [21] and the
model has already been successfully used to model spin-VCSELSs structures.

Another important trend in further development of VCSELs is the research of periodic
structures, such as gratings or photonic crystals, in VCSEL structures. Photonic crystals are
used for controlling of a single transverse mode operation and low far field divergence angle
of output beam of VCSEL lasers, that is important for efficient coupling into optical fibers
[22—-24]. Photonic crystals can also be used for polarization control of VCSELs [25]. By designing
photonic crystals with non-cylindrical holes, dichroism can be introduced and polarization control
achieved. Besides photonic crystals, high contrast gratings can be also used to improve existing

VCSELSs designs [26,27]. High-contrast gratings (HCG) act as a high reflectivity monolayer and
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can replace top distributed Bragg reflectors (DBR) in VCSELs. They are considerably thinner
than conventional DBR and have high polarization dependence. They also suppress higher order
transverse modes and operate in single mode. Another benefit of using HCGs in VCSEL designs
is that they can be etched in post-epitaxial fabrication process. As the phase of reflected light of
the HCG depends on grating parameters, by changing the grating parameters we can change the
resonance wavelength. This enables the fabrication of the multi-wavelength VCSEL arrays [28].
The modelling of periodic structures can be done by several methods. In this thesis, we are
adopting the rigorous coupled wave analysis (RCWA) for its good applicatibility in modelling
of far field scattering. It is a semi-analytical Fourier-space method first developed by Moharam
et. al. [29] and then further developed by the important work of Li [30-32] and Neviere and
Popov [33-35]. The algorithm of RCWA is still being developed further for more arbitrary
dielectric profiles and is now also being used for aperiodic structures [36,37].

There has already been done some work to combine models of periodic and active layers
[38], however, these models do not address coherence of emission processes. As spontaneus
emission inside active layers is an incoherent process, the model also needs to incorporate the
incoherent effects during propagation through multilayers. This is usually done by averaging
over random phase factor. This is, however, computationaly highly demanding and not practical
for application in grating structures that need to include sufficient number of harmonic modes to
converge properly and the number of parameters for averaging rapidly increases. The alternative
to modelling of incoherent effects by averaging over random phase is the use of intensity-based
approaches, like the coherence matrix and Mueller matrix formalisms. Coherence and Mueller
matrices are often used for modelling of incoherent propagation in the layered structures [39] and
they have also already been used for modelling of incoherent propagation in periodic systems by
Antos et. al. [40]. Nevertheless, their approach does not treat higher diffraction modes rigorously

and rigorous treatment of incoherent propagation needs to be developed.

1.1 Objective of this work

The goal of this thesis is to develop a general formalism for description of incoherent effects
in active layers and layers with lateral periodicity in order to efficiently model light emission
from spin-VCSELs with periodic layers (1D lamellar gratings, photonic crystals) for possible
future applications. This is done in two steps. First, by combining RCWA (only 1D gratings for
simplicity) with the coherence matrix methods to model incoherent propagation in multilayers

containg thick layers, and second, by expressing the existing multilayer models of spin-polarized
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emission developed by Fordos et. al. [17,18] using the coherence matrix formalism to avoid

averaging over a random phase factor.

1.2 Organization of the thesis

The thesis is organized into four chapters. Chapter 2 deals with the basic theory of light
propagation in multilayer structures. Maxwell equations, that are used in the rest of the the-
sis, are formulated and all the assumption made in this thesis are stated. Then the solution
of Maxwell equations for layered structures is derived. The chapter ends with description of
experimental observables of layered structures.

Chapter 3 is devoted to modelling of 1D gratings by RCWA. First, the eigenmodes propa-
gating in periodic layers are found. Then the boundary conditions are applied using scattering
matrix algorithm (S-matrix). Fourier factorization is also discussed and the chapter ends with
description of experimental observables in grating structures.

Chapter 4 introduces a new approach of modelling incoherent light propagation in layered
structures by combining the intensity-based coherence matrix algorithms with RCWA. First, the
partial wave summation method and coherence matrix formalism for modelling of incoherent
propagation in thick layers are described. Then they are generalized for periodic layers. The
results of the algorithm are then described on numerical models of flexible diffractive components.

Chapter 5 is devoted to modelling of emission from active multilayers. Previous models
developed by Fordos et. al. [17], Postava et. al. [38] and the details of incoherent processes rele-
vant for integration with RCWA are described. Then the models are expressed using coherence
matrix formalism and the the new approach is compared with the original in numerical models
of a simple LED structure.

Chapter 6 concludes by summaring main original results of the thesis and presents perspec-

tives for the future research.
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2. Propagation of light in a layered

media

The aim of this section is to mathematically describe how light propagates in layered media
without any latteral periodicity, so it can be later generalized for 1D gratings. First the basic
relations, describing propagation of light, and formulation of Maxwell equations (MEs) is intro-
duced. Then all assumptions are stated and relations, on which optical models are based, are
derived from MEs and the concept of the polarization is briefly introduced. In the section 2.2 the
solution of the Maxwell equations in layered media is described and in Section 2.2.1 the solution
for a special case of isotropic media is derived. Section 2.2.2 deals with solutions in separate lay-
ers and layers are connected by boundary conditions. Then the relations of calculated quantities

with experimental observables are described.

2.1 Basic relations

2.1.1 Maxwell equations

The light propagating through a medium can be desribed by the Maxwell equations in terms
of the electric and magnetic field intensities E(r,¢) and H(r,t), the electric displacement D(r, ?)
and the magnetic flux density B(r,t) [41,42]. They are in form

V- -D(r,t) = p(r,t), (2.1a)
V-B(r,t) = 0, (2.1b)
V x E(r, t) _(9B(§It',t)7 (2.1c)
V xH(r,t) = 8Da(2’t) +j(r,t), (2.1d)

where j(r,t) is the current density and p(r,t) is the volume density of free charges. The electric

and magnetic intensities are related to the electric displacement and the magnetic flux density
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by the consitution relations as follows:

D(r,t) = eoE(r,t)+P(r,t), (2.2a)

B(r,t) = poH(r,t) + puoM(r,t). (2.2b)

po and g are the vacuum permeability and permittivity. P(r,¢) and M(r,t) represent the
polarization and the magnetization, respectively. In this work, we are dealing with optical

frequencies, so we can assume
M(r,t) = 0. (2.3)

In homogeneous non-dispersive medium the polarization vector can be expressed using the electric

susceptibility tensor
P(r,t) = coXE(r, ). (2.4)
By using relative dielectric tensor €, expressed as
& =1+X, (2.5)
where I is 3x3 identity matrix, and substituting 2.3 and (2.4) into (2.2a) and (2.2b) we get

D(r,t) = eo&E(r,t), (2.6a)

B(r,t) = poH(r,t). (2.6Db)
Furthermore, we assume that there are no free charges in the medium.
plx,t) =0 (2.7)

Next, we can express the electric current density as a function of E(r,t) and the electric conduc-
tivity tensor .

j(r,t) = 6E(r, 1) (2.8)

Using these expressions and assumptions, we get the Maxwell equations in the following form:

V- [EO@E(E t)] = p(I‘, t)? (2'93‘)

V- -H(r,t) = 0, (2.9Db)

V xE(r,t) = —,ugaHa(;’t), (2.9¢)
_OE(r,t)

V x H(r,t) = eoér + 0E(r,t). (2.9d)

ot
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In this thesis, we take into account only monochromatic waves. Under this assumption we can

express the electric and magnetic field vectors as harmonic functions of time as follows:

E(r,t) = E(r)exp(—iwt), (2.10a)

H(r,t) = H(r)exp(—iwt). (2.10b)

The use of this form of the electric and magnetic field vectors simplifies equations (2.9¢) and

(2.9d). Furthermore, by excluding the time dependence we get

VxE([r) = iwuH(r), (2.11a)

VxHE) = —iwedE(r)+5E(x). (2.11b)

For more compact description of the media response, we can define the complex permittivity

tensor as

G =eofR (2.12)

E‘@.

€ =¢c0ér +
This definition simplifies the relation (2.11b) even more, so that
VxH(r) = —iweE(r). (2.13)

The complex permittivity tensor describes optical properties of any homogenous anisotropic
medium including absorbing media, where absorbtion is described by the imaginary part of the

complex permittivity tensor.

2.1.2 Polarization of light

In this work, we are describing far field processes like reflection and transmission by using
several matrix methods. For this purpose it is useful to assume monochromatic plane wave
solution, which corresponds to collimated light emitted from a far source [41,42]. We can describe

such a wave by the complex representation of the field intensity vectors as follows:

3
—
=

~~
S~—

I

Epeexp [i(k.r — wt)], (2.14a)

H(r,t) = Hohexp[i(k.r —wt)], (2.14b)

where EFy and Hy denote the complex amplitudes of the field vectors. The vectors e and h
represent the polarization state of the propagating wave, w denotes the angular frequency of the

wave and the vector k is the wave vector. Assuming a planar interface between two isotropic
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media according to the Figure 2.1, we can describe the wave vector k as

sin ¢ sin ¢
k = kon [cos¢sinp| - (2.15)

Cos ¢

The physical (measurable) electromagnetic field is then described as the real part of the field
vectors (2.14a) and (2.14b).

Figure 2.1: Light propagating on a boundary and the coordinate system used in the following

sections

In any isotropic medium the field intensity vector E(r,t) is always in the plane orthogo-
nal to the propagation direction, but it can take different directions inside this plane. Vector
components of E(r,t) can have different amplitudes and phases. In the most general case, the
endpoint of E(r,t) traces an ellipse in the plane orthogonal to the direction of propagation. This
elliptical polarization becomes circular for the same amplitudes and the phase difference /2
and becomes linear when the components are in phase. Different polarizations behave differ-
ently when propagating through optical systems due to the boundary conditions at interfaces
as we can see in Section 2.5. In the case of anisotropic media, there always exist four different
linearly independent eigenmodes with different polarizations (two propagating forward and two
backwards), which can be obtained by solving the Maxwell equations as discussed in Section
2.3. For the description of behaviour for different polarizations s- (TE, transversal electric) and
p- (TM, transversal magnetic) polarizations are often used. For s-polarization the field vector

is perpendicular to the plane of incidence, whereas for p-polarization the field vector lies in the
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plane of incidence. According to Figure 2.1, normalized s- and p- polarization vectors can be

described as

cos ¢ sin ¢ cos ¢
€= |—sin¢g|, €ep= [cospcosyp] - (2.16)
0 —sing

2.2 Solution of the Maxwell equations in layered medium

To understand the propagation of light through an anisotropic layered media, first we need
to find a solution of the Maxwell equations in each individual layer. In this section, we introduce
a matrix formalism developed by Berreman [44].

The electric and magnetic field vectors can be normalized in the following way:

E'(r) = \/uyleoE(r), (2.17a)

H'(r) = {/pogo H(r). (2.17b)
Using the relations
ko = -, (2.182)
c
1
¢ = (2.18b)

\/MOEO’

and substituing relations (2.17a) and (2.17b) into (2.11a) and (2.13) we get a new form of the

normalized Maxwell equations

VxE(r) = ikoH(r), (2.19a)

VxH(r) = —ikfrE (r). (2.19b)

This normalized form of Maxwell equations is later useful for obtaining a simple eigenvalue
solution in a compact form, which is directly connected to the physical quantites and flows

nicely into the boundary matrix methods. Using the matrix form of curl operator

H(r) 0o —2 2| |Hwm
Vx I Hm =& o -2Z||HMm|, (2.20)
ZAC N T S W D20



we can express the equations (2.19a) and (2.19b) as follows:

0 0
kel _ 0
0z oz
0 0
-2 2 0
0 0
0 0
z 0 —&
0 0
-2 £ 0

Ey(r)
Ey(r)
EL(r)

Hy(r)
Hy (r)
H(r)

Hi(r)
iko | Hy(r)] »
H(r)

6.%1‘

—iko Eyzr Eyy Eyz

Ezx Ezy

Ery Exz

€2z

E,(r)
Ey(r)
EL(r)

(2.21a)

(2.21b)

Because the tangential components of the wave vectors are conserved quantity during propagation

through layered media and because of the plane wave character of the solution, we can express

the field vectors as

E'(r) =

H(r) =

After performing derivations and

coordinates, we get

0 —Z  ikoky
o)

2 0
—ikoky ikoks 0
0 £ ikoky
o)

2 0
—ikoky ikoky 0

/
—ikoks | | €y (2)
!/

2
—ikoky | |h(2)
2

Ey€'(z) exp [iko(Nzx + Nyy)],

Hyh'(2) exp [iko(Nyz + Nyy)] -

Rl (z)

h.(z)

= —ikg Eyz

€ZCE

Exy

Eyy

€2y

Exz
€yz

6ZZ

Now we can extract z- components from equations (2.23a) and (2.23b)

¢.(2)

M(2)

and substitute them back, so

0 2| |e(z N,e,(z hl(z
o | g | Y ]
Z 0 ey(2) —N,e.(z) h,
0 —2| |n.(z N, (2
0| [re] g [ o
o= 0] [My(2) — N2l (2)
€rz Ex e (z Exz€)
—iko vl | — iko
g Eyy| |€y(2) €426,

ez [Nyhip(2) = Nohyy(2) = €€ (2) — ezyey(2)]

~Nyeh(2) + Nac (2),

(2.22a)

(2.22b)

reducing the dependency of the field vectors on x- and y-

(2.23a)

(2.23D)

(2.24a)

(2.24D)

(2.25a)

(2.25Db)



Now we can introduce a vector of the tangential components of the field vectors

T
f(2) = [€,(2), by (2), ey (2), iy (2)] (2.26)
which leads to the compact matrix form
_ 5 . _ ) -
0 —5 O 0 —Ny 0 NyN, 0
0 0 0o 2 N,.N, 0 —N2 0
%1 ik o v f(z) =
0 0 -2 0 ~Nyetesw —NyelN: —Nyete., NyerlN,
|2z O 0 0 | Nocleze  NyerdNe  Neelen, —NoerlN,| |
( I T r T
€z 0 —€zy O amaz_zlam EWEZ_ZINJ; amaz_zlazy —amaz_ZlNy
ik —€yz 0 —gyy O N 5yzsgjem ezzey*Zle eyzsgzlszy —59625;;]\7@, £(2)
0 0 0 1 0 0 0 0
(| 0 1 0 0] i 0 0 0 0 |
(2.27)
or after some reordering to
0
af(z) = ikoCf(2), (2.28)
where C is
—NgeTt e 1 — N !N, —Nyetey, Nyes N,
C— Cox — N?f — amsz_zl —EMEZ_ZINw NyN, + &gy — smzez_zlazy amaz_ley
- y52z1€21 - yE;leI _Nyggzlgzy Nyggley_ 1
| —NaNy — eya + €yz€rn€ar  Eyzrs Nz NZ — ey + €y2€5, €2y —€y265, Ny i
(2.29)

The most convienient way to solve this system of differential equations is using eigenvalue

method [45]. The expected solution is in form
f(z) = avyexp(ikog\12) + Bva exp(ikoAaz) + YV exp(ikoAsz) + dvg exp(ikoAsz), (2.30)

where (v;) are eigenvectors of the matrix C and ); are corresponding eigenvalues of the matrix C.
We can show the solution’s validity, for example by assuming only « is non-zero and substitute

it back into equation (2.28). We get
aikg exp(ikoA12)(Cvy — Ajvy) =0, (2.31)
which can be rewritten as

(C - )\11)V1 =0. (232)
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Resulting expression is a basic eigenvalue equation and can be generalized for the general case.

Figenvalues of the matrix C corresponds to the propagation constant N, and eigenvectors
represent the tangential components of the polarization vector of the propagating mode. We
can see from the solution that there are four different linearly independent waves propagating
through the medium with corresponding propagation constants. Two of those modes propagate
upward (real part of NV, is negative) and two downward (real part of N, is positive) and are in
general elliptically polarized. In an isotropic medium, there exists a degeneracy in the solutions
due to the nature of the problem and therefore any two orthogonal polarizations can represent
eigenmodes of the medium. In this thesis, we use s- and p- polarizations to represent propagating

waves in isotropic media.

2.2.1 Solutions in isotropic media

In this thesis, we are assuming that superstrate and substrate are always isotropic media,
so it is useful to calculate eigenmodes for isotropic medium, which can be solved analytically.
Assuming an isotropic medium (diagonal dielectric tensor £,) and the plane of incidence parallel

with the z-axis (N, = 0), we get

[0 1 0 0o ]
er—N2 0 0 0
c=|" " (2.33)
0 0 0 Nggp'N,—1
0 0 —egr 0 |
Solving eigenvalue problem
(C—kDf(z)=0 (2.34)
by assuming the determinant of the matrix equation (C — k,I) zero, we get
(N2 = N; —eg)* =0. (2.35)

This equation has four solutions:

Nz,l = Nz,3 =A/ER — Ny2, (236&)

NZQZNZA:— €R*N2. (2.36b)

)

The solutions correspond to the four propagating modes. Two positive solutions are the down-

ward propagationg modes, while two negative solutions are the upward propagating modes. By
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substituing the solutions into (2.34), we get

—N.; 1 0 0
er— N2 —N,; 0 0
Ry T 1 f(z) = 0 (2.37)
0 0 —N.; Nyep N,—1
i 0 0 —€R —N.;
hence
/yﬂ; == Nz’iegﬂ', (2.38&)
€R
h‘{”’i - _Nz,ie;m. (2.38b)

Equation (2.37) has 4 solutions, assuming e, = 0 (p- polarization) or e, = 1 (s- polarization),
substituing backward and forward propagating N, and normalizing vector of electric intensity €

as follows [e/, can be expressed using (2.24a)]

el = /et + e + e = 1. (2.39)

The normalization is important here, in the superstrate and substrate media, for proper definition
of the transmission and reflection coefficients, more details are described in the Section 2.3. The

eigenvectors can then be written in a compact matrix form as follows:

[ 1 0 0 |
1/€R—N2 —1/€R—N2 0 0
Diso = Y Y 5 5| (240)
O 0 \/aR—Ny \/6R—Ny
Ver VeR
i 0 0 —+/€R \/ER ]

where eigenvectors are ordered as s-down, s-up, p-down, p-up. For superstrate with the index of

refraction n(9) and the angle of incidence p, we can express the wave vector k as

0
k=ko |n©®sing| - (2.41)
0)

n(9 cos ¢

Furthermore, assuming p,, = 1 for optical frequencies we can express n©) as

n® = /e (2.42)



Substituing (2.41), (2.41) into (2.40), we get the compact matrix form of eigenvectors for the

isotropic superstrate medium

[ 1 0 0 |
O cosp —nl cos 0 0
n COS n COS
DO = v v : (2.43)
0 0 cosp Ccosy
0 0 —n0)  ,© |

2.2.2 Boundary conditions - M-matrix algorithm

In the last few sections, the eigenmodes propagating in an individual layer were obtained.
The next step is to describe propagation through a boundaries between such layers [19, 20, 44].
To do this, well known boundary conditions resulting from the Maxwell equations need to be
applied. According to the boundary conditions the tangential components of the electric and

magnetic field vectors are conserved, according to

n x (E™ —ECTD) = o, (2.44a)

nx (H® —HCHY) = 7 (2.44b)

,where J is the surface current density, or in used coordinate system and assuming there are no

surface currents,

E™ = EMY EM = gt (2.45a)
HY = HEY M = gD, (2.45b)
D™ AM
[J
Zn o
D(n+l) A(n+l) d('H”
Zn+l :
D(n+2) A(n+2)

Figure 2.2: Interfaces between n-th, (n+1)-th and (n+2)-th media and corresponding matrices

of each layer.

As was shown in the previous sections, the electric and magnetic field vectors in the n-th
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medium can be written, excluding the time dependece as

expliko(Nyz + Nyy)] Z A e

4

W~

(n) exp(ikoNz(z)z),

expliko(Nzx + Nyy| ZA( )h( )exp zk:ON( n) ).

(2.46a)

(2.46b)

Using expressions (2.46a) and (2.46b), the boundray conditions (2.45a), (2.45b) can then be

written as
! (n) ,(n) : (n+1) (n)
ZAZn eznZ _ ZAin-l-l emni,
i=1 ’ i=1 ’
(n) (n) - (n+1) (n)
n)a\n n+1) (n
ZAZ' €yi = ZAi €y
=1 i
- (n)y,(n) . (n+1)y (n)
ZAin hxnz = ZAin+ hgcnz'a
i=1 ’ i=1 ’
: (n)q,(n) . (n+1) (n)
ZAz hy,z = ZAZ hyJ‘a
=1 ;
or in the compact matrix form
D™ A ™) D(n-l—l)A(n-H)’
) ) e )
n) n) (n) (n)
D — hy,l hy,2 €y3 Cya
el ey ey eyl
a0 e Rl Rl
Al — [Agn),Aén),A(gn)jA(”)]T

(2.47a)

(2.47h)

(2.47¢)

(2.47d)

(2.48a)

(2.48b)

(2.48¢)

where the matrix D is composed of the tangential components of polarization vectors e and

h, which are obtained by solving the Maxwell equations and consist of the eigenvectors of the

matrix C() | and the vector A is a vector of eigenmode amplitudes. Next, to model propagation

through a layer with a thickness d(™), the propagation matrix is defined as [19,20,44]

_exp(ikoszld(”))
0
0
0

P —

0
exp(iko N, 2d™)
0
0

0

0
exp(iko N, 3d™)

0

0
0
0

eXp(ikQNZ74d(n))_

(2.49)

Using the propagation matrix, we can now describe the transformation of the field vectors while

travelling through the (n+1)-th layer as follows,

Al [Dm)] ! pt)pety) [D<"+1>} T pnt2) A (n42).
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This approach can be then generalized for any system with N layers in the following way:

A® — [DO)] 11 (D@P(“ D] _1> DAY = MATY, - (251)
=1

where M denotes the transfer matrix of the whole system.

2.3 Experimental observables

In the last section, the transfer matrix of the layered system was obtained. This matrix
can then be used to calculate the reflection and trasmission coefficients of the propagating wave.
These coefficients are in turn connected to the measurable intensities of the reflected and trans-

mitted waves.

2.3.1 Reflection and transmission coefficients

The reflection and transmission coefficients are defined as the complex ratios between the
complex amplitudes of individual propagating eigenmodes. Assuming Ago) and Ago) are down-
(0)

ward propagating waves and A, and Aio) are upward propagating waves, see Figure 2.3, we can

write them as

AW
(kD) J
where i € {1,3} and j € {2,4} and
AW
4y = =1, (2.53)
A;

where i € {1,3} and j € {1,3}. Now, let’s assume the light comes only from superstrate,

AéNH) =0 and AiNH) = 0. The system is now described by the transformation [20]

_A§°) Myy Mys Mz My _A§N+”_

Ago) _ Moy Moy Maz Moy 0 (2.54)
Aéo) Mgz, Msy Mszz Msy AéNH) ' '
_Aflo)_ | My Myp Myz Mys| | 0]

It is now straightforward to the obtain reflection and transmission coefficients by combining

28



s-polarization p-polarization

AI( 0) AZ( 0) A3( 0) A4( 0)

\/ \/ R

multilayer

A /\ substrate

AI(N+1 ) AZ(N+ 1) Aj(N+1 ) A4(N+1)

Figure 2.3: Propagating modes entering and leaving the system of layered media.

the expressions (2.52) and (2.53) so the reflection coefficients will take form

Moy Mg — Moz M3y

19 = , 2.55a
7 My Mss — MysMs ( )
My Mss — Mys M.
ryy = Mar M 1M1 (2.55b)
My M3z — M3 M3
My Mog — Mo M-
gy = V1Mo 2013 (2.55¢)
My M3z — Mi3 M3y
M1 Mys — My M
ray = 1M ulis (2.55d)
My M3z — Mq3 M3y
and the transmission coeficients
M33
ti1 = , 2.56a
T My Msg — MygMs, ( )
—Ms3,
ti = , 2.56b
BT My Mg — MyzMs, ( )
— M3
ty = : 2.56¢
S My Msg — MisMs, ( )
M
tgs = 1 . (2.56d)

It is important to note that these coefficients can represent a transformation between various
polarizations, for example s- and p- to left-hand and right-hand circular polarizations, dependent
on the choice of eigenmode basis in the superstrate and substrate media. In this thesis, as was
stated in Section 2.2.1, the eigenmodes in superstrate and substrate are chosen as s- and p-
polarizations, so the transmission and reflection coefficients describe the transformation of s-

and p- polarizations.
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2.3.2 Reflectance and transmittance

Most of the experimental configurations don’t allow to directly measure the field vectors, so
it is more useful to describe the transformation of propagating waves in the term of intensities.

The optical intensity can be defined using the Poynting vector as
I=|<S(r,t) >, (2.57)
where < S(r,t) > is the time of average value of S(r,t) determined by

< S(r,t) >= ;/OTS(I', t) dt. (2.58)

The Poynting vector represents the directional energy flux of the propagating wave and is ex-

pressed as [41,42]

S(r,t) = R[E(r, )] x R[H(x, )], (2.59)

where
RIE(r, )] = %[E(r) exp(—iwt) + B (r) exp(iwt)], (2.60a)
RIH(r, 1)] = %[H(r) exp(—iwt) + H*(r) exp(icot)]. (2.60D)

Equation (2.58) will then take form

< S(r,t) >= L T[E(r) x H(r) exp(—2iwt) + E(r) x H*(r)+
AT Jo (2.61)

E*(r) x H(r) + E*(r) x H*(r) exp(2iwt)] dt = %?R[E(r) x H*(r)].

)

The reflectance RZ(»]’-CZ) and transmittance ﬂ(j-kl are defined as the ratio of the normal components

of the intensities of the incident and reflected, or transmitted, waves,

<s® r,t) >,
<8V (r,t) >,
< SW(r, 1) >,
Tz.(jkl) — (jk:)( ) (2.62b)
<8V (r,t) >,

Expressing the field vectors of j-th eigenmode in the k-th medium according to the (2.46a) and
(2.46b) as

ey = AWel exp(iko(Nox + Nyy + N2)), (2.63a)

J
H' () = APB expliko(Now + Nyy + M=), (2.63b)

30



we get

1 * *
<SP = TP AR e

In this thesis, it is assumed that superstrate and substrate media are always isotropic, so we can
substitute the components of the polarization vectors e(-k) and h§k)* by the elements of the D,

J
matrix (2.43) and get

1 *
<SP0 = SR 269

Substituing (2.65) into the equations (2.62a) and (2.62b) the reflectance and trasmittance take

the following forms:

(k) 4 (k)* A7(K) (k) 2
wy | RIATATTNCGTE VAT )2
R = ® 40 o |~ | Z® | =176 | (2.662)
RAP AP N B ] A
D) (D% A-(1 02 l l
*) ?R[AE»)A§) z(j)] _ A§) %[kij-] L) |2 %[/é}-]
Tiw = W | = | 5@ Wy | = |t ") (2.66b)
§R[141 Az z,i] Az %[kz,z] §R[k‘z,z]
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3. Theory of gratings

In this chapter, we deal with modelling of layers with 1D latteral periodicity, like lamellar
gratings as show in Figure (3.1). Because of the periodicity of the system, the field-vectors
become distributed among infinite number of harmonic modes, which leads to a new phenomena,
like diffraction, and gives engineers new tools for designing optical systems with the desired

parameters.

superstrate

incident wave
X

g =

grating layer

substrate

Figure 3.1: Layered system with a 1D lamellar grating [43]

In this chapter, we first introduce the rigorous coupled wave analysis (RCWA) [29, 32, 34],
which describes propagating waves using truncated Fourier series. Then we describe the S-
matrix algorithm needed for numerical stability of the problem and we derive the solution for
isotropic media, which are used as superstrate and substrate. After that, the method of Fourier
factorization for 1D lamellar gratings is briefly described to achieve faster convergence. In the

last section, the relations between the calculated quantities and experimental observables are

described.
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3.1 RCWA method

This method is based on the normalized Maxwell equations (2.19a) and (2.19b). However,

the permittivity is no longer a constant but it is a function of the position,

VxE'(r) = ikoH(r), (3.1a)

VxH() = —ikofr(r)E(r). (3.1b)

Assuming a lamellar grating as shown in figure 3.1, the permittivity is a periodic function of y
(the coordinate system can be always rotated for 1D lamellar gratings so this holds) and can be

expressed using the Fourier series as

2m
€ij(y) = Z Cijn €XP (ZnAy) (3.2&)
1A . 2m
Cijn = A/o €ij(y) exp <—znAy> dy, (3.2b)

where A denotes the period of the grating. The solution of the periodic Maxwell equations is
also periodic (Floquet’s theorem, Bloch theorem in solid-state physics) and can be expanded as

a series of plane waves with the same periodicity as follows:

. 2m

E'(r) = E nz_:oo z) exp(iko(Nyz + Nyy)) exp (mAy> , (3.3a)
2

H'(r) = H| Z h!, () exp(iko(Nyx + Nyy)) exp (mfy) . (3.3b)

By defining the wave vector of n-th order IV, ,, as

koNyn = koNyo+ n%r, (3.4a)
Nyn = Nyo+ n%, (3.4b)
we can rewrite the field vectors as
E'(r) = E| Z z) exp(iko(Nyz + Ny ny)), (3.5a)
H'(r) = H| Z h!,(z) exp(iko(Nzx 4+ Nyny)). (3.5b)
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Substituing (3.3a), (3.3b) and (3.2a) into (3.1a) and (3.1b), we get

Vx Y e (2) exp(iko(Now + Nyny)) = iko Y hi,(2) exp(iko(Nex + Nyny)),  (3.6a)
- . . N .2
V x _Z; h),(z) exp(iko(Nyx + Ny ny)) = —iko Z; Cm €XD (zmAy)
S . (3.6b)
Z e%(z) eXp(ikO(Nxx + Ny,ny))7

where ¢é,, is tensor of Fourier coefficients c¢;j,, from (3.2b). We can multiply the Fourier series

using Laurent rule

zamepr )Ze exp< >chnme exp< 2A”y> (3.7)

m

therefore (3.6b) takes the form

o0 oo oo

V x Z h!,(z) exp(iko(Nyx + Ny ny)) = —iko Z Cn—m€ln(2) exp(iko(Nzx + Ny ny)).
n=—oo n=—o00 m=—o00

(3.8)

This equation has to be fulfilled for every y and subsequently for every n (because Ny, is different

for each mode). We can rewrite this equation in its reduced form as

V x b, (z) = —ikg Z Comel (3.9)

m=—0oQ

For better insight into the problem, let’s reduce the dimension of the problem to N = M = 1.

We get
Vxhl (z) = —iko[cy e i(z)+c_1 ey(z) +¢—2 €l(2)], (3.10a)
V xhy(z) = —iko[c1 €_1(2) +Co ep(z) + -1 €1(2)], (3.10b)
V xhi(z) = —ikoléz €_1(2) +7¢1 ep(z) + o €)(2)]. (3.10¢)

or in the matrix form,

V x hl_l(Z) /C\o /C\,l /C\,Q e’_l(z)
Vxhy(z) | =|a @ ¢ |ez) |- (3.11)
V X h’l(z) /C\Q /C\l /C\o e’l(z)



Let’s generalize the problem to N dimensions and define the vectors consisting of diffraction

orders as follows:

& = (ej-N € -Nt1 0N (3.12a)
h; = (hj—n,hj—Ni1, - hiN)T, (3.12b)
N, = diag(Nyn,n=—N,..,N),dim(N,) = 2N +1, (3.12¢)
N, = diag(N,),dim(N,)=2N +1, (3.12d)
Eij = (cijm) = (cijm—t), dim(Ejj) = (2N 4 1) x (2N + 1), (3.12€)

where ]:]Z-j are so called Toeplitz matrices consisting of the Fourier series coefficients. By using

the defined variables, the problem can be rewritten in the compact form

0 —2 kN, | [el)]
2 0  —ikoNg| |&(2)
—ikoN, ikoN, 0 &.(2))
0 —2 kN, | (2]
2 0 —ikoNy| |h)(2)
—ikoN,, ikoN, 0 h'(z)

This is a similar problem to the equations (2.23a) and (2.23b) and can be

approach. Wa can again introduce the vector

b (2)
iko | b (2)
b, (2)
—iko |E,,

n <

EZCL’

(3.1
E., E..| [&.(2)
Ey, Eyz éé(z) (31
/
z

3a)

solved by the same

- . - T
£(2) = [&,(2), 1) (2), & (), B, (2)| (3.14)
and obtain the equation
o - .
af(z) = 1koCf(z), (3.15)
where C takes a form
[ ~N,E_'E., I-N,E'N, ~N,E_E,, N,E_'N,
& E,. — N2 - E,.E;} -E,.E;])N, N,N,+E,, -E.E]'E, E,E]N,
CN,ECIE., _N,BCIN, _N,BoIE., N,B-IN, — T
-N,N, —E,, + E.EJE.. E.EN, N2 -E,, +E,.EE, -E,E]'N,
(3.16)

This equation again represents eigenvalue problem and the solution is in similar form as in (2.30),

however now there are 4 x (2N + 1) propagating modes, half of them upward and half downward.

From the calculated eigenvectors the polarization matrix D™ can be obtained and then used in

the boundary condition formulations.
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3.2 S-matrix algorithm

In Sectin 2.2.2, we introduced the M-matrix algorithm as a boundary condition formulation,
which works well for non-periodic layers. However, this algorithm is no longer applicable for the
systems with lateral periodicity. Most of the propagating modes in a periodic layer are evanescent
and decrease/increase exponentionally. This leads to a huge gap between the smallest and the
largest term of transfer matrices and it exceeds the numerical precision. To solve this problem,
the scattering matrix algorithm (S-matrix) [32] was introduced. This algorithm rearranges the
terms, so the transformation is only in the decreasing direction, and it avoids the numerical

precision problem.

(n) (n)
Adown A”P
[ J
Z}I .
(n+1)
(n+1) (n+1) d
Ad()wn Aup
[ J
Ln+l ®

A (n+2) A (n+2)

down up

Figure 3.2: Propagating eigenmodes through a layer with the thickness d("+1)
The transformation of propagating waves on the boundary can be described similarly to
(2.48a) as
APy = cMAP) (2, (3.17)

however now the propagating modes are in this case sorted to upward and downward propagating
modes (the direction of propagation of the evanescent modes can be decided on the basis of the

imaginary part of their N, ,, - the modes decay in the direction of propagation)

Al(fll,ﬂ)(zn) _ cgf) cg;) A&’;)(zn) (3.18)
AT )| (el eS| AT ()

Now we can swap the modes, so there are only modes which enter the boundary on the left side

and the modes that leave the boundary on the right side,

n n+1
Ai(ip) (2n) (n) Agthr )(Zn)
(1) =S5 ) , (3.19)
Adown (Z") Adown(zn)
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where

I I S e
S(n) e = 1 1 (320)
) ] Lot el
The propagation through a layer can be described as follows:
AL (2,) = PUIDATTD (2, 11) (3.21a)
LVARICRIES S SO (3.21b)
where PSZ,H) and ng:;rll) are the propagation matrices,
P = diag [exp(—ikoNng;;d<"+1>),n = N, N] , (3.22a)
P&Z;Zi) = diag [exp(ikoNz(ﬁl—t_;o)wnd(”H)),n =-N,.., N} . (3.22b)
Substituing (3.21a) and (3.21b) into (3.20) leads to
AL () W || P AL ()
(n+1)-1 4 (n+1) I ORAG! (m) ‘ (3.23)
Pdown Adown (Z”‘H) L tdd Adown(zn)
After rearranging the terms, we get
A'l(jzlo)(zn) ~ A%—i_l)('zn-i-l)
t1) =35 o (3.24)
Adown (z"JFl)_ Adown(’zn)
where )
F(n)  <(n) (n)p(n+1) (n)
tuw T wi Pu r
= { (n) Zf)] = |ty i) pln <n>] (3.25)
Loy taq _Pdown r gy Pup P own tad
Let’s assume we know the scattering matrix of the subsystem describing transformation
Aqgo) 2 A&n) Zn
o o) | _ g o o) | (3.26)
Adown(’zn) Adown(zo)
where
(n) (n)
T.. R
s = [ " E‘:) . (3.27)
Ry, Tag
The next layer can then be included into the system using the recursive formulae
-1 _
T = ) [1-EURE) |, (3.280)
n+1 n n ~(n+1 )7L (1 n
ROV = RE)+T 1RGO (3.28D)
~ -1 ~
RE;;—H) _ f_glz-&-l) +t((17zl+1) [I—Réﬁ)fﬁﬁ”} Rfiz)t%rl), (3.28¢)
n ~(n+1 n)~(n+1)] 71 n
T = i [ REE] ) 3250
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3.3 Solutions in isotropic periodic media

In this section, the solution for isotropic media is derived. For the correct interpretation of
calculated data, the modes in the superstrate and substrate layers must be properly sorted and

the polarization vectors must be normalized. The matrix C in an isotropic medium takes the

form
0 I 0 0
. |Erx-k2 0 0 0
c=|" " o : (3.29)
0 0 0 kE'k, —1T
0 0 —Eg 0 ]

where Ex and l~<y are both diagonal matrices. Therefore there is no coupling between different

modes. The Fourier coefficient matrix E R is in the form

) 0]

N 0 ¢

Er=| . (3.30)
_0 C()_

This problem is similar to the problem in Section 2.2.1 and the same approach is used to solve

it. The eigenvalues of the matrix C will take form

Nz,n,doum = €R — Ngiyw (331&)
Nz,n,up = TA\/ER — NyQ,n, (331b)
where
A
Nyn = Nyo+np, (3.32)
and the matrix of the eigenvectors could be expressed as
(11 0 0 |
N, -N, 0 0
Diso = 1 1 ’ (333)
0 0 ENa EN
|0 0 -l (frl
where
k. = diag(k. n,n = —N, ..., N),dim(N,) = 2N + 1. (3.34)
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Assuming the permittivity of the boundary medium n(?) and the angle of incidence ¢

n@ = /e, (3.35a)
Nyo = n@sing, (3.35b)
the equation (3.33) will become
(11 0 0 |
N, -N, 0 0
DO — S (3.36)
0 0 WNZ WNZ
0 0 —nO@O1 pOI

In order to use the polarization matrix in the S-matrix algorithm, it is important to sort the

matrix to upward and downward propagating modes:

[ 1 0 I o |
-k, 0 -k, 0
D = - - (3.37)
sz O sz
0 nO1 o —nO I

3.4 Fourier factorization (FF) method

The expressions of the Maxwell equations (3.1a) and (3.1b) are in general valid, however by
truncating the Fourier series we are introducing an error into the solution. The error depends
on the dimension of the problem (the higher the better) and can be tested using the convergence
tests. In Figure 3.3 we can see the convergence of the s- and p- reflectance of a lamellar grating.
There is no problem with s- polarization, which is stable even for a few orders, however the
p- polarization converges slowly and oscillates around the correct solution. This problem arises
from the multiplication of Fourier series using the Laurent rule (3.7) of two functions with a
concurrent discontinuity.

This behaviour is connected to the Gibbs phenomenon. The finite Fourier series has large
oscillations near the discontinuities, which do not die out, but approach a finite limit [45], as
seen in Figure 3.4. There is no problem with the convergence for s- polarization, because in the
choosen coordinate system the field of s- polarized light is in x direction and is not influenced by
the truncation of the Fourier series, whereas the p- polarization needs to obey the continuity of
the D, where the Laurent rule applies.

To solve this problem, the expression (2.6a) needs to be transformed, so there are no con-

current discontinuities, and then expanded into the Fourier series and finally transformed back
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o Convergence with # of modes
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Figure 3.3: Covergence of zero diffraction orders in lamerall grating for 100 nm thick gold stripes,
er = —11.753+1.2596i [49], on top of silicon substrate ,ep = 15.072+0.15210 [50]. The lamellar
grating has period 2.5 pm, fill factor f = 0.4 and the angle of incidence is 20 degrees. The

algorithm for p- polarization converges slowly and oscillates around the limit value.

to its original form. In general, this is a complex problem and the research is still being con-
ducted [46], [47], however in the case of 1D gratings with periodicity in y— direction, the solution
is quite simple [30,31]. First, the relation (2.6a) is rearranged, so there are no two discontinuous

functions being multiplied,

D, Eqx — axyaz;ylayx Epn — axyaz;ylayz ezyazjyl FE,
D, | = |€20 — CoypyCys €2z — Exyygyz ExyCyy | | Bz |- (3.38)
E, —agyleyx —&??jyl Eyz Eqyyl D,

Now the functions are expanded to their Fourier series (symbol ||...|| denotes the Toeplitz matrices

of the Fourier coefficients of the expression inside the brackets)

D, lea — 5wy5;y15yx“ llews — EHCy‘Ey_ylEyZ|| leayeyy Ll E,
D.| = |lless — exyeyy yall  lleze —exyeyyepall llezyeyy | E. | (3.39)
Ey I = &gy euell I =gy e:l legytl | [ Dy

and then rearranged back to the original form

D, E,
D,| =Q|E,|, (3.40)
D. E.
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Figure 3.4: Gibbs phenomenon. The partial sums of Fourier series has large oscillations around
discontinuities. This overshot does not disappear with increasing number of terms, but ap-

proaches a finite limit. [48]

where the matrix Q is in the form

leze — Exyggylgyarn + ngygy_ylu||5;y1||_1||5y_y15y$” ||€93y€y_y1”HEy_ylH_1
Q= legy I legy €yall legy 17
ez — 5zy5;y15ym|| + ngyggjyln||€y73}||71||5y73}5yf” ||€Zy6;yl”H€;ylH71

leaz — exyeyy eyzll + lleayeyy lllleyy | legy eyl
legy 1~ legy €vz|

lezz — ezyeyy eyzll + lezyeyy Mgy I gy I legyeye |

The matrix Q then replaces the matrix of the Fourier coefficients E in the algorithm. It is
good to notice, that in the case of non-periodic permittivity function, the matrix Q simplifies
to the matrix E. However, this is not true for the truncated Fourier expansion of the periodic
permittivity function. The comparison between convergence of algorithm with and without FF
can be seen in the figure 3.5. We can see that FF leads to faster and stable convergence of the

algorithm.
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Convergence with # of modes
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Figure 3.5: Comparison of the zero diffraction order with and without FF algorithm implemented

for the same structure as in Figure 3.3. The FF algorithm converges even for small number of

modes.

3.5 Experimental observables

The final S-matrix is composed of the reflection and transmission coefficients, but its struc-
ture depends on the ordering of the modes. Assuming the polarization matrices of the boundary
layers are ordered according to (3.37), the transformation of the wave propagating through a

layered system can be expressed as

[ AQ. | [ Al ]

AgtO) AgN)

(N’)”” =S (O)””’ : (3.41)
Adown,s Adown,s

(N) (0)
_Adown,p_ _Adown,p_

where the S-matrix is composed of the reflection and transmission coefficients
tss tps Iss I'ps

top tpp Top Ipp

(3.42)

Iss Tps tss tps

Tsp Tpp top tpp
t denotes the matrix of the transmission coefficients, t denotes the matrix of the backward trans-
mission coefficients, r denotes the matrix of the reflection coefficients and I denotes the matrix

of the backward reflection coefficients. We can define coefficients and difrraction efficiencies in
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the same way as in (2.62a) and (2.62b), but we have to take into account the different k-vectors

of the propagating modes. The reflectance and transmittance between the i-th mode of the m-th

order in the k-th medium and the j-th mode of the n-th order in the [-th medium then take a

form

R

<8"(r,1) >, AE) g0 ) Rk

z?”?j]

mn,tj

NCMCRCE

m,i* m, "Vz,m,

ﬂ%[k(k) 1

4D 400

n?.j n’] Z7n7.]

2 %[k(l) ]

z,m,i

%[k‘(k) ]

z7n7]

%[k(k) ] ’

zZ,m,i

(3.43a)

Z7n7.]

40 4 ®)

m,i* m,t "Vz,m,t

%[k(k)

z,m,i]

?R[k(l)

Zi”?j]

RIES 1)

2,m,1

(3.43b)




4. Propagation of incoherent light in

layered media

So far the methods presented dealt only with the coherent processes that can be described by
the amplitude formalisms. This approach is sufficient for many applications, however a variety
of processes in nature is more complicated and it also involves incoherent effects. In order to
model such systems, statistical methods or methods based on transformation of intensities need
to be used. The most straightforward approach is to include a random phase difference into the
models and average the result over it. This method is relatively simple, but it is not feasible for
computationally more demanding systems, such as periodic structures.

In this chapter, a new method based on transformation of intensities using coherence-
transforming matrices is introduced and then it is generalized for periodic structures with many
propagating modes. First, the concept of coherency of light is described. Then the partial
wave summation method is introduced and generalized for incoherent propagation. After that,
the procedure for calculating response of multilayer structures is described. In the last section,

examples of numerical models are presented.

4.1 Coherence

The concept of coherence was first introduced in connection with the famous Thomas Young’s
double slit experiment. Coherence is an ideal property of waves, which describes the statistical
similarity of a field (electromagnetic, quantum, accoustic, etc.) in two points in space or time
[51-53]. Two perfectly coherent waves have constant phase difference, which enables stationary
interference between them. Interference is an important physical effect that influences many
practical areas of interest, in our case the light propagation through a layered media. Incoherency,
the lack of correlation between propagating waves, leads to changing phase difference and can

radically change the optical response of the system. It has also great effect in the systems
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with active layers. The interference between various emitted waves can influence the profile of
electric field in the active layer and alter the way the field is amplified. The coherence is also
an important concept in the case of light sources with preferred polarization of emitted light,
such as spin lasers, due to its effect on polarization. The incoherent summation of waves with
different polarizations leads to the depolarization of light, which is unwanted effect and should
be avoided.

Incoherent propagation in multilayer structures can have many origins. In the case of our
interest, it is the process of spontaneous emission in LED and laser structures. Another impor-
tant cause is a propagation through a thick substrate, which is often the case for samples on
transparent substrates in optical measurements. The measurements of multilayer structures are
also influenced by the technical limitations of our instruments, such as finite spectral resolution
of a monochromator. This leads to decrease of temporal coherence and interference phenomena
in spectral domain are suppressed. Another case is the spam of incident angles in the measured
beam, as the optical response of thicker films and resonant gratings usually strongly depends
on the angle of incidence. The convergence of focused optical beam could cause incoherent
averaging of responses for different angles. Another cause often seen while working with pre-
pared structures is thickness inhomogeneity. Inhomogenity of a layer thickness over the beam
spot causes incoherent averaging of different polarimetric responses. To account for these effects
also in structures with lateral periodicity, next sections deal with developing a new approach to

modelling of such systems.

4.2 Coherent propagation

In the first chapter, the M-matrix method for modelling of light propagation in layered
media was introduced. This method is convenient for modelling of thin films, but it isn’t as
easily generalized for incoherent propagation. In this section, we introduce another method,
partial wave summation [39] that can be easily generalized for incoherent propagation using
coherence-transforming matrices. This approach is based upon summation of partially reflected
and transmitted waves which form a geometric series, see Figure 4.1, and it uses the Jones

calculus as its mathematical aparatus.

4.2.1 Partial wave summation method

Jones vectors describe the electric field vector on the basis of two orthogonal polarizations,

in our case s- and p- (for an anisotropic case of media the propagating eigenmodes need to be
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used). The transformation of the state during the propagation through optical systems is then
described using 2 x 2 Jones matrices. To describe the interaction of propagating waves with an
interface, the reflection and transmission Jones matrices R and T of k-th and k+1-th layer are

defined as follows:

[ k)] [ (k) (k) (k) (k)
s,down _ T'ss T'sp AS»UP _Rk AS,UP (41&)
k k k k ’
| j(),c)loum_ _TI(’S) T;z(zp) AI(WZP Aigﬂ)tp
[ (k)] [L(k) (k) (k+1) (k+1)
tss' ts As own As own
il I P Aﬁl) =T A(ildﬂ) ! (4.1b)
| “"p,down _tps tm’ p,down p,down

where the reflection and transmission coefficients that comprise the Jones matrices R and T can
be obtained using the matrix methods described in Chapter 2. Similarly are defined backward-

reflection and backward-transmission Jones matrices,

(k) (k)]

. Tss” Ts

R*® = " ‘(Z) 7 (4.2a)
Tps Tpp |
(k) (k)]

. tSS ts

T® = " .(i) : (4.2b)
i) i

To describe the process of propagation through a layer, similar propagation Jones matrices, as

in (2.49), are defined, but now they are separate for the forward and backward propagation,

(k+1) expikoh VD) 0
Pdown (k+1) (43&)
0 exp(ikokzy d* )
[ i p(RHD) (k1)
pk+1) exp(—ikokzs d ) 0 (4.3b)
up it 7.k 1) (k1)
0 exp(—ikokzp 'd )

The process of propagation is quite complicated even through one layer, as can be seen in the
Figure 4.1. The incident wave is partially reflected and partially transmitted. The transmitted
part propagates through the layer and is again partially reflected/transmitted at the second
interface. The reflected part again propagates through the layer to the first interface where it is
in the case of thin layers coherently added to the first reflected wave. As we can see, this process
repeats infinitely and the partial waves form a series. In the terms of Jones calculus, the first

partial transmitted wave can be described as TEPEDPWER he second wave can be

down down’

described as T(kH)PgZEL) [R(k)f’ggrl)R(kH)PgZTUL)]T(k)EgZLn, the third wave can be described as
TEOPEDREHPFFIREHPEDRMPEFIREDPE TR EE  ofe. After summing
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all of the terms up, we get the following expression for the transmission Jones matrix:

plk—k+2) _ T(k+1)P(’f+1) 1+ R(k)P(k+1)R(k+1)P(k‘+1)+

down down

ROPEDREDPETIREPIAIRIHDPETL k), (4.4)

down
T(k-l—l)Pd]ZZiL [I + Q + Q2 + Q3 ]T(k)

where

. . k: 1
Q = RWpEHREDPUHD), (4.5)

We get a geometric series with limit in zero (partial waves get weaker and weaker after each

reflection) that sums up to
I+Q+Q*+Q%.. =1-Q). (4.6)

Using this expression in (4.4) we get

k) _ kUt (g -ip(h)

(4.7)
TEHPUHD 1 ROPEREH ) -1p()

Similar approach can be applied to the derivation of remaining Jones matrices:

NS

VAVAVAVAY
NN

Figure 4.1: Partial waves reflected and trasmitted by a layer. The wave is partially reflected and

trasmitted upon reaching any interface and bounces back and forth inside the layer. [39]

Rk—k+2) — R 4 T(k)Pgl;+1)R(k+1)P&1;+1)( R(k)P(kH)R(kH)ng)EL)) Lp(k) (4.8)
plk—k+2)  _ T(k)l')g;ﬂ)a _ R(k“)PEIkH)R(k)PS;,H))_IT("'H)./ (4.9)
RE=k+2) — R 4 T(Hl)PgZEL)R(k)PE;EL) (I- R(k-i—l)P((i’ZZ:l)R(k)P(kﬂ-l)) 1T(k+1()4_10)

4.2.2 Partial wave summation in layers with lateral periodicity

In the presence of periodic layers, the relations (4.7), (4.8), (4.9) and (4.10) still hold, how-

ever, there are many different propagating modes throughout the system and there exists a
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coupling between individual modes which needs to be taken into account. As all the transfor-

mations are linear, the interaction of the propagating wave with an interface can be described

as
Agktgown rgl;) I‘g;) Aglzp
< (k - k)] | &k
_A;,c)lown_ _rﬂ(os) rl(’p) | _AI(C’A)LP
Aglfzgoum o tg];) tg;) A (slz:nlgn
~(k o k k < (k+1
_Az(),c)lown_ _tl(’s) tlg’ )_ L ](o,dmgn
where the vectors Agﬁ%own and Agzown
modes
A (k) _ (k) (k)
As,down - (A—N7s,down’ A—N—i—l,s,doum’
A (k) (k) (k)
Ap,down - (AfN,p,down’ AfNJrl,p,down’

and the reflection coefficient matrices are

[ (k)
TfN,fN,ss
()
rgl;) _ —N+1,—N,ss
(k)
L TN,fN,ss
(k)
"—N,—Nsp
(B)
(k) _ —N+1,—N,sp
r5p - .
(k)
L TN,—N,sp

in the form of

(B)
—N,—N+1,ss

(B)
—N+1,—N+1,ss

(8)
—N,—N+1,sp

()
—N+1,—N+1,sp

)

I

X (k+1)
(n) |:As,doum

x (k
iy (4.11a)
~ k ) *
Aé?“p
(4.11b)

x(k+1) |7
Ap,down

consist of amplitudes of (2N 4 1) different propagating

k
EV,)s,down)T’ (412&)
k
A (4.12b)
(k i
rf])\f,N,ss
) (4.13a)
k
PN
k -
T(—])V,N,sp
, (4.13b)
k)
T]<V,N,8p _

etc. These matrices are the result of the application of S-matrix algorithm as seen from (3.42).

Similarly, we can define the backward reflection and transmission matrices

[+ 3]
YR |
£ 0]
i i

(4.14a)

(4.14D)

The matrices R, T, R and T behave in the same way as the Jones matrices used in the partial

wave summation method and can be used in the Eq. (4.7), (4.8), (4.9) and (4.10) to obtain an

optical response of a thin film.
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4.3 Incoherent propagation

In the last section, the partial wave summation method was introduced as a way to describe
optical response of thin films. In this section, we introduce a concept of coherence matrices and
use them to generalize the partial wave summation method to thick layers where the propagation

is no longer a coherent process.

4.3.1 Coherence matrix formalism

The Jones matrix formalism used for coherent summation of partial waves is a useful tool
for description of totally polarized light, however, it cannot be used for description of incoher-
ent effects which cause depolarization. For more general description of light polarization, the

coherence matrix [51-53] is defined as follows:

E,E?) (E,E: Joz  Ja
J.=(EQE") = < ) BBy _ 1, (4.15)
(EyE7) (EyEy) Jye Ty

where ® denotes the Kronecker product and the angle brackets denote the enseble averaging.
In contrast to the Jones formalism, which deals with field amplitudes, the coherence matrix is
composed of second order moments and it enables us to describe partially polarized or depolarized
light. Also, the information about the phase of light is lost. The total intensity of light I and

the degree of polarization P can be expressed in terms of coherence matrix components as

I = tr(Je) = Jow + Jyy, (4.16a)
B ddet(J.) ]2
P = [1—W} . (4.16b)

For better manipulation, the coherence matrix elements can be rearranged to a column vector

and the transformation of light upon interaction can be desribed as

J! I
J — ,y — 7” 4 , (4 17)
e Jya
|y ] [Ty |
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where 7 is the 4 x 4 coherence-transforming matrix. The coherence-transforming matrix of a

non-depolorazing system can be obtained from the corresponding Jones matrix as

TnTy TaTy, TeTy TieTi
TTx TyTx TioTy TioTH
T=TgT"= Hiz2r Silf22 Fi2ta1 F12022 . (4.18)
T Ty TaTyy TooTyy TaoTiy

| TnTy TaTy ToTy TaoTs|

In the rest of this thesis the script letters will denote the coherence-trasforming matrices. The
coherence vectors and coherence-transforming matrices are connected to the well-known Stokes

vectors and Mueller matrices by simple transformation

S = AJ, (4.19a)
M = ATAL (4.19b)
where ) )
1 0 0 1
1 0 0 -1
A= . (4.20)
0 1 1 O
10—t 7 0]

However, in this thesis we will use the coherence-transforming matrices in our models for their
more intuitive connection to the light reflection and transmission in layered structures. The same
form of the reccurent formulae, as the one used for the coherence-transforming matrices, can be

also used for the Mueller matrices.

4.3.2 Incoherent partial wave summation

The generalization of the parital wave summation method for incoherent propagation using
coherence-transforming matrices is based on properties of the Kronecker product that intro-
duces a symmetry between the product of Jones matrices and the product of the corresponding
coherence-transforming matrices. It can be shown that the product A = BC corresponds to the

product A = BC. For example, in the case of the term Ay7, which can be expressed as

Ann = BuCn + B12Co, (4.21)

A = (BiiCi + B12C21)(B11C11 + B12C21)", (4.22)
or by multiplying corresponding coherency-transforming matrices
A1 = B11Ci1 + B12Co1 + Bi13C31 + B14Ca1 = (B11C11 + B12021)(B11C11 + B12Ca1)*. (4.23)
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We can see that both operations lead to the same result. The rest can be easily derived in
the same way. Using these properties the same approach as in the Section 4.2 can be used to
describe the incoherent propagation. There are infinite partial waves reflecting in the layer (as
seen in Figure 4.1) that sum up and give the final wave leaving the structure. However, in
this case the summation needs to be done incoherently in terms of coherence vectors based on
intensities rather than amplitudes. The transformation during partial reflection/transmission is
then described using the coherence-transforming matrices R, 7 R™ R ete., which are
obtained using relation (4.18) (this is true for continuous layers, the case of layers with lateral
periodicity will be described in the later sections). It is good to note that coherency-transforming

upward- and downward- propagation matrices are in this case the same

plh+l) _ 751(Ll;+1) _ plk+1) _

down
exp[2 Sk ak+D) 0 :
0 expliko (k5T — gD gintD)y
0 0
0 0
0 0
0 0
(4.24)
exp[zko(k(k+1) (/fs+1)*)d(k+1)] 0
0 exp[2 S(kLE)qtk+D)]

and there is no information about the phase after propagating through the layer which prohibits
the interference between partial waves. The only interference that can be present, is due to
the cross-polarization coupling in anisotropic layers. According to the same logic as before, the

partial waves form a geometric series and their summation leads to the same formulas as in (4.7),

(4.8), (4.9) and (4.10):

T h=k+2) _ J(k+1)p(k+1) (T — RE)pk+1) o (k+1)p(k+1) ) L7(k) (4.25a)

RUE=E+2) — R L FR)PrD) R (D) k1) (T 7'z<k>7>(’““)72(k+1>77(’“+1>) "), (4.25b)
Th=k42) — FR)phtl)(7 - RUEFDPEFDRKF) ph+1)) -1y (k+l) (4.25¢)

Rk—k+2) _ p(k+1) | T(k+1)73(k+1)72(k)7;(k+1)(z _ R(k-ﬁ-l)P(kz—&-l)R(k)P(k—i—l) —197( k+]()4 25d)

4.3.3 Partial wave summation for multilayers with gratings

The formula (4.18) can be used for obtaining the coherence-transforming matrices of con-

tinuous layers. However, in the case of layers with lateral periodicity, where many propagating
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modes are present, it is no longer so easily applicable. The simple use of the Kronecker product

would lead to emergence of cross-mode terms

7(k) _ k k)*
TH = AP g0 (4.26)

that would result in a correlation between amplitudes of different modes, which is not present
in real structures. Two approaches to prevent this in our models are presented. The first one
still uses the Kronecker product according to (4.18), but zeroes out the unwanted terms. This
approach is easy to implement but more computationally demanding and algorithmic efficiency
grows according to ~ (2N +1)2 with the number of modes. The other approach is more formal. It
treats the effects of individual propagating modes separately and after constructing the individual
coherence-transforming matrices separately, the final total coherence-transforming matrices are
constructed. As there are no redundant terms in the process, the final matrices describing the
interactions have smaller dimensions and the algorithm is faster. However, because of non-
trivial rearranging of the transmission and reflection matrices, this approach is more difficult to
implement and deeper understading of the algorithm details is needed.

In the first approach, we use previously defined matrices of reflection and transmission
coefficients (4.11a), (4.11b), (4.14a) and (4.14b) and transform them using the Kronecker product
according to (4.18). This operation leads to an emergence of the unwanted cross-mode terms
mentioned earlier. To set them zero, the modified coherence-propagation matrix P10 is

defined. The indexes of non-zero terms form a sequence

1 1\"
Ar=1, Ap=An 1+ 2N +1)+ 5 - (—2> : (4.27)

Using this sequence, we define a matrix B with dimensions (4N + 2)%:

1, i=j€A,,
bij = 7= (4.28)
0, otherwise.

(2N + 1) is the total number of modes present. The propagation matrix P+’ is then trans-

formed using the matrix B

pr1y _ parn | B0 (4.29)
0 B

Using the modified propagation matrix pn+1)

, the partial wave summation algorithm can be
used again in the same way as for non-periodic medium. However, as the matrices have a lot of

redundant terms, the algorithm is slower then it needs to be.
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The second approach treats the propagating modes separately. First, let’s define the Jones

matrices for the reflection and tranmission of n-th to m-th mode.

k) ] [ (% k k 2
Asn?sﬂ"p 7’7(717)1755 5”7)1751” A;,z,down (k) A,(ni,down
® T w® (k) =R | ’ (4.30a)
Am,up | _rmn,ps T'mn,pp n,p,down An,p,doum
o 7 109 18] [a® o [49,
m,s,down _ mn,ss  "mn,s n,s,down | _ m(k m,8,dowWn (430b)
l k k k mn k ’
Sn),p,down_ _t'gnzz,ps tgn;lvpp A1(1,;)7,down fm,]);,doum

and similarly the backward matrices

(k) (k)

S(k) fmn,ss mn,sp
T'mn,ps Tmn,pp_
. I
.k | tmn,ss  Umns
=" | (4.31b)

mn,ps mn,pp

All of these coefficients can be extracted from the total S-matrix of thin film periodic system

(3.42). Now let’s define the propagation matrix of the n-th mode as

exp(Fikok!, ;d®) 0

P =
0 exp(Fikok!, ,d®)

(4.32a)
The corresponding coherence-transforming matrices Rgle, ,7(1]%), ,(jhf%, £,’§21, T(Ll), which now de-
scribe transformation of just one mode, can be obtained using the relation (4.18). The propagat-
ing waves at the k-th layer can be described in terms of the coherence vectors of N propagating

waves as follows:

T
g = [aBall, allaly, alall, alaly] (4.33)
= (k k k k T

jd(m)un = [‘7—]\)/,down7 —]\)/+1,down"""7(,c)iown:| ’ (434)

= k k k17T
TE = TR TR TN (4.35)

and upon interacting with an interface they are transformed according to

k k k k i k
‘7—(1\)7,up R(—])V,—N 7?’(—])\f,—]\f-i-l te R(—])V,N jﬁ]\)/,doum
(k) k k : (k)
‘-7—N+1,up . R(f])\erl,fN RS])\7+1,7N+1 : j—N—l—l,down _ pk) #(k)
. - . . =R jn,doum’
k k k k
Cav, 1 L RE e ROV L TN oun
(4.36)
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and for transmission

Mk k k)
TRew  Tewe - TRw
(k) (k) :
Tk) — TfNJ'rl,fN 7-—N+1,7N+1 : _ (4.37)
k k
L T TN

(k) 2(k)

The same relations hold for the backward matrices R, T mn t00. To describe the incoher-

mn?

ent propagation through a thick layer, the total propagation matrix is constructed out of the

individual mode proagation matrices,

PO 0 .. 0]
0 :
PO = (_) P e (4.38)
l
o .. . PY]

Matrices in this form can now be used in the partial wave summation formulas (4.25a), (4.25b),

(4.25¢) and (4.25d) as described earlier.

4.3.4 Dimension reduction

Most of the modes propagating through the structure are evanescent and decay exponen-
tionally from the interface. In the case of thick layers, evanescent modes become negligible
and do not need to be included in the computations. Because of this fact, it is convenient to
reduce the dimension of the problem only to modes that are not evanescent. The number of
propagating modes is dependent on the period of the grating, wavelength of the light and the
angle of incidence, so it needs to be determined on the case by case basis. First, the thin layer
subsystems including the periodic layers are modelled using higher dimension of the problem.
However, while constructing the total coherence matrices of the thin films system, the dimen-
sions are reduced and only few modes are used. The convergence of the solution in relation to
the number of modes used for partial wave summation can be seen in the Figure 4.2. Figure
shows the convergence of the zero diffraction order reflectivity R, of the sample structure with
capping thick layer motivated by flexible diffractive components, which is more closely studied
in Section 4.4. The reflectivity is modelled for wavelength 400 nm and several incidence angles.
We can see different behaviour for every incidence angle due to the strong diffraction dependency
on the incidence angle, however, the data stabilizes for five included modes. Higher modes are
evanescent and do propagate in the thick layer, therefore they do not need to be included in

calculations.
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Convergence with # of selected modes
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Figure 4.2: Convergence test for number of modes for the sample structure with capping thick
layer motivated by flexible diffractive components studied more closely in Section 4.4. The
convergence is done for the wavelength 400 nm and variable incidence angles. Dimension of
the problem is twenty diffraction modes for RCWA algorithm and then reduced for incoherent
partial wave summation. We can see that the reflectance R, of the zero diffraction order converges

differently for every incidence angle, but becomes stable for N = 5.

4.4 Multilayer system

So far in this chapter, the approach to desribe a single thin/thick layer was presented. This
section generalizes these methods for multilayer systems consisting of both thin and thick layers
and the total reflection and transmission coherence-transforming matrices can be obtained by

applying the following steps:

e The whole system of multilayers is reduced to the thin film sub-systems according to Figure

4.3.

e The reflection and transmission amplitude coefficients of these sub-systems can be obtained

by applying RCWA and S-matrix algorithms.

e After calculating the reflection and transmission amplitude coefficients of the sub-systems,
the Jones matrices of the subsystems are constructed. These matrices are then transformed
to the corresponding coherence-transforming matrices of the interfaces and the coherence

propagation matrices for the thick layers - by using the Kronecker product + B matrix, or

95



constructing the total coherence matrices from individual coherence-transforming matrices

of the propagating modes.
e The dimension of problem is then reduced, so that only propagating waves are included.

e The incoherent partial wave summation formulae (4.25a), (4.25b), (4.25¢) and (4.25d) are
recurrently applied to obtain the total reflection and transmission coefficients of the whole

system.

N

thick
thick

} thin —»

thick
thick

} /

Figure 4.3: Recurrence for multilayer system consisting of thin and thick layers

4.5 Numerical models

In this section, we will study a real structure using presented methods and compare differ-
ent approaches. The studied structure, seen in Figure 4.4, is motivated by flexible diffraction
gratings. It consists of a relief grating in polycarbonate with applied reflective aluminium film
immersed in thick UV-protection capping layer. The parameters of the model can be seen in
Fig. 4.4. Due to the presence of the thick capping layer (which introduces incoherent effects),
this structure is ideal for demonstration of our models for incoherent propagation in the systems

with lateral periodicity.

4.5.1 Grating without the capping layer

In the first step, the grating without the capping layer was modelled. Figures 4.5 and 4.6
shows R, and R, reflectivities for zero and first two diffraction orders. We can see complex
behaviour that is typical for gratings. The Ry for zero diffraction order vanishes around 600 nm
and its energy is transferred into the first diffraction order that has its maximum around the

same wavelength. Similar behaviour can be also observed for R, reflectivity. We can see two
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Figure 4.4: Modelled grating structure motivated by flexible diffraction components.

oscillations in both figures around 525 and 750 nm. It is also interesting to note that for a
wide range of wavelengths the reflectivity of the first diffraction orders is higher than that of
zero diffraction orders. The second diffraction order appears only below 500 nm. Above this

wavelength, the mode is evanescent and does not propagate outside the grating.

Reflectivity of the zero difrraction order

1.0
—— R 0 order
—— Rp 0 order
0.8 1
0.6 1
0.4
0.2

0.0 T T T r : T T
400 450 500 550 600 650 700 750 800
Wavelength [nm]

Figure 4.5: Reflectivity of the s- and p- polarization of zero diffraction order in the case of one
dimensional relief grating in polycarbonate with applied reflective aluminium film motivated by

flexible diffraction components. Model without the UV-protection capping layer.
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Reflectivity of the 1. and 2. difrraction orders
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Figure 4.6: Reflectivity of the s- and p- polarization of first two diffraction orders in the case of
one dimensional relief grating in polycarbonate with applied reflective aluminium film motivated
by flexible diffraction components. The positive and negative diffraction orders are symmetric
due to the normal incidence angle and the shape of the grating. The second orders vanish after

specific wavelength.

4.5.2 Grating with the capping layer - coherent and partially coherent model

In the next step, the UV-protection capping layer was added into the model. The reflectivities
Rs and R, for zero diffraction order can be seen in Figure 4.7 and for higher diffraction orders in
Figure 4.8. As the thickness of the capping layer is 2 ym, huge interference appears. However,
due to the thickness non-uniformity of the capping, the propagation will not be in reality totally
coherent and the observed interference will be attenuated.

Next model is assuming partially coherent propagation through the capping layer. The re-
flectivities are calculated for ten linearly spaced thicknesses of the capping layer in the interval
from 1,8 to 2,2 um. Then the weighted average of intensity-based quantities (reflectivity and
trasmittance) is calculated. The normal distribution is used as a weighting function with the
mean 2 pum and 0,1 p standard deviation (see Fig. 4.9). The averaging represents incoherent
summation of waves and the interference effects are partially or completely suppressed. The
results can be seen in Figures 4.10 and 4.11. We can observe the attenuation of interference,
especially for shorter wavelengths, as their phase varies faster with distance. This approach is
valid and correctly represents physical reality, however it is extremely computationally demand-

ing and not practical for modelling of systems with lateral periodicity which need to work with
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Reflectivity of the zero difrraction order

1.0
—— Rs 0 order
—— Rp 0 order
0.8 1
0.6 1
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0.0 T T T T T T ;
400 450 500 550 600 650 700 750 800
Wavelength [nm]

Figure 4.7: Reflectivity of the s- and p- polarization of zero diffraction order in the case of one
dimensional relief grating in polycarbonate with applied reflective aluminium film immersed in
UV-protection capping layer. Big interference in the capping layer appears due to the 2 pym
thickness of the capping layer that would be not be observable in reality due to the effect of

incoherent propagation.

Reflectivity of the 1. and 2. difrraction orders

—— Rs* 1 order
— +
0.8 Rp = 1 order
—-—  Rs % 2 order
—— Rp=* 2 order
0.6 1
0.4 1
0.2 1
b
HEE
&0_2Av<ﬂ§wugﬁ&&

400 450 500 550 600 650 700 750 800
Wavelength [nm]

Figure 4.8: Reflectivity of the s- and p- polarization of the first two diffraction orders in the
case of one dimensional relief grating in polycarbonate with applied reflective aluminium film
immersed in UV-protection capping layer. Big interference in the capping layer can be also

observed.
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high number of modes.
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Figure 4.9: Distribution of capping layer thickness used for weighted averaging to model thickness

non-uniformity, which causes incoherent propagation in the thick capping layer.
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Figure 4.11: Reflectivity

Wavelength [nm]

of the s- and p- polarization of the first two diffraction orders in the

case of one dimensional relief grating in polycarbonate with applied reflective aluminium film

immersed in UV-protection capping layer. The reflectance is averaged over variable thickness of

capping layer to model partially coherent propagation.
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Reflectivity of the zero difrraction order
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Figure 4.10: Reflectivity of the s- and p- polarization of the first two diffraction orders in the
case of one dimensional relief grating in polycarbonate with applied reflective aluminium film
immersed in UV-protection capping layer. The reflectance is averaged over variable thickness
of capping layer to model partially coherent propagation. We can see partial attenuation of the
interference, especially for shorter wavelengths, however, this model is extremely computationally

demanding.

4.5.3 Grating with the capping layer - incoherent model

The last model uses incoherent partial wave summation approach developed in Section 4.3.3.
The system is divided into the thin layer subsystems, consisting of the relief grating with alu-
minium reflective film and the interface between capping layer and air. The response of this sub-
systems is calculated using S-matrix and RCWA algorithms. From the reflection and transmis-
sion coefficients of these subsystems the total coherence-transforming matrices are constructed,
their dimension is reduced to five propagating modes, and then they are used in partial wave
summation formulae.

The results can be seen in Figures 4.12 and 4.13. We can observe that interference disap-
peared. If we compare this model with the grating without the capping layer, we can see that
the effects of the grating are slightly less prominent. There is still a visible transfer of energy
to higher modes around 500 and 750 nm, however, the reflectivity Ry of the zero diffraction
order does not approach zero as for the grating without the capping layer. The trend also os-
cillates. The oscillations are denser in the region below 500 nm and get weaker above. This

shows correlation with the appearence of higher orders below 500 nm. Both of these effects, less
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prominent transfer of energy to higher modes and oscillating behaviour of reflectivity, are caused
by reflections in the capping layer. The light inside the capping layer is reflected a number of
times back and forth before it leaves the structure and a complex interaction with the grating

takes place.

Reflectivity of the zero difrraction order

1.0
—— Rs 0 order
—— Rp 0 order
0.8
0.6 1
0.4
0.2 1

0.0 T T T T
400 450 500 550 600 650 700 750 800
Wavelength [nm]

Figure 4.12: Reflectivity of the s- and p- polarization of the first two diffraction orders in the
case of one dimensional relief grating in polycarbonate with applied reflective aluminium film
immersed in UV-protection capping layer. The data is modelled using incoherent partial wave
summation method for gratings. The interference effects in thick layer disappeared. The presence

of the thick capping layer decreased the effect of the grating.

Figures 4.14 and 4.15 show the comparison of all three approaches. We can see that inter-
ferences in both coherent and partially coherent models follow the trend of incohorent model, as
expected. The main advantage of the presented model of incoherent propagation in the structures
with lateral periodicity is its reduced computational complexity. The computational complexity
depends on many factors, such as number of propagating modes that need to be included in cal-
culation, the efficiency of algorithms used for different matrix operations etc. In the case of our
simulations, this model proved to be around 20-times faster than the model based on weighted
averaging. The speed of the calculations can be further improved by reducing the dimension
to the minimum amount. In Figure 4.16, we can observe the convergence of Ry zero diffraction
order reflectivity for different number of modes included in incoherent summation. Above 750
nm the model converges even for single mode included in incoherent summation. In the range

of 500 - 750 nm only two modes are needed and below 500 nm another higher mode appears
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Figure 4.13: Reflectivity

case of one dimensional relief grating in polycarbonate with applied reflective aluminium film

immersed in UV-protection capping layer. The incoherent partial wave summation is used to

Wavelength [nm]

of the s- and p- polarization of the first two diffraction orders in the

model incoherent propagation in the thick capping layer.

and the model converges for three included modes. This is however only true for the normal

incidence angle. With a change of the incidence angle new modes can appear, as we have seen

in Figure 4.2, and they need to be included in the summation.
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Comparison of R - 0 difrraction order
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Figure 4.14: The comparison of zero diffraction order reflectivity Ry modelled by three different

approaches. The data obtained using coherent and partially coherent models oscillates around

Wavelength [nm]

the trend of the data obtained using incoherent model of propagation.
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Figure 4.15: The comparison of zero diffraction order reflectivity R, modelled by three different
approaches. There is a the same trend as we have seen for the case of R;. The same holds true

for all other diffraction orders.
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Convergence of selected modes
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Figure 4.16: Reflectivity of the zero diffraction order R, for two, three and four modes that were

included in incoherent summation. The model converges for three included modes below 500 nm

and for two modes above. Higher modes vanish above 500 nm and do not propagate out of the

structure.
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5. Light emission from multilayers

This chapter is devoted to modelling of light emission from multilayers containing active
dipole layers, such as LEDs and VCSELs. The matrix method presented is based on the work
of Fordos et. al. [17,18,38] and it has been used for modelling of light emission profile and
polarization properties of spin-VCSELs in dependence on the spin-polarization of the injected
current. However, this method relies on the averaging over random phase to account for incoher-
ent emission processes. With the goal of combining this method with RCWA to model VCSELSs
containing periodic structures, this method is expressed using coherence-matrices in order to
model these incoherent effects. This will bring the method into the same formalism developed

in the previous chapter and it will enable the combination of the two.

5.1 Multilayers with active dipole sources

Figure 5.1 shows structure with an active layer surrounded by multilayers. A(®) denotes the
amplitudes in the superstrate, A’ denotes the amplitudes right above the active layers and they

are together related by tansfer matrix M) as follows:

A9 ] [ M) [, ] [an ] M M) [AD .
AR MG MG (Al [Al] (MG NG| [ADL] |

where
MO = MWL (5.2)

Similarly, the amplitudes right below the active layer A” and the amplitudes in the subsrate

AW+ are related by transfer matrix M%)

" (2) (2) (N+1)
Agown Mt(iu) Mild) Ailan )
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There are four propagating modes in the multilayer structures, the waves 1 and 3 are propagating

down and the waves 2 and 4 are propagating up,

(0) (0)
NI e IONON L 5.4
A§0) AELO)

and we are also assuming that no light is entering the structure:

Alom = A =0 o
AY i Alonn
At M(l)l down e
Al M®) Ao
At JAG)

Figure 5.1: Description of the structure with a single active layer using transfer matrix approach

and waves propagating in anisotropic medium. [38]

In the active medium, the propagating waves are amplified by interaction with active dipoles.

The amplification of propagating waves is described using the Jones vectors of the source,

At o |4

d |V 1 d 2

Adoum = d 7Aup = d . (5'6)
ag] |

The polarization of the source vectors is related to the emission process and is discussed in

Section 5.3. The propagating wave is partially amplified by stimulated emission and it is added

with light emitted by spontaneous emission (for more detailed discussion see [17]) as follows:

Al T 0 A" Al
= Rl (5.7)
Adown 0 Tdd Adown Adou)n

where v denotes the coefficient of spontaneous emission and matrices T, and T4y are in the

form
(1452000 5An
uu Ad Ad* Ad Ad* ] .
5 4 5 2 1 + 5 4 - 4
L IAup |Aup|
i d pdx* d Adx
Ly oA st
Tdd — AdA(ézwn dz?éﬁ;{d* R (58b)
PE= LA
IAdown‘ |Adown|
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where § is the coefficient of stimulated emission (gain) and the norms \Afﬁp| and |Agown| are
defined as

AL | = \/agAg + Adad, (5.92)

(ALl = \/ALAL + AdA (5.9b)

By combining equations (5.1), (5.3) and (5.7), we get a compact matrix form [38] of the problem,

-M2% T, MP| | AY Ad
(1) - <1u>d (N-pm = ] (5.10)
Tddeu _Mdd Adoum Adown

As spontaneous emission is not a coherent process, the terms A,Lde and A4 need to be

down

added incoherently to the propagating wave. One way of achieving this is to introduce random

phase factors to the source terms

Ad eicpzAd ei(gﬂz—gm)Ad eiAgozAd
2 2 2 2
Ail ei<P4AZl ' ei(W—‘Pl)AZ . eiAmAil
— = 't = e'¥1 , (5.11)
d i d d d
Af e'PrAS Af Af
Ag ei%Ag ei(“’?’_“"l)Ag em“’?’Ag

and average intensity based quantites over random phase as follows

Sout = <Sout(ASO2a A(P?n ASO4)> (512)

P2,P3,P4 7

where Sy, is the Stokes vector in the form (in the case that the A, described s- polarization and

As described p-polarization)

0 0)* 0 0)*
S| _ | 474" — AP AP 5.15)
(0) 4%, 4(0) 4O | '
Sy AV A A0 4§
53] LiAY AP — AP AP |

Furthermore, in case of spin-polarized light emission, certain polarizations are preferred [17]

according to the quantum selection rules. Thus,

P2 = P4, (5.14)
1 =3 =0, (5.15)

and the problem simplifies to
Sout = <Sout(AQ02)>@2 . (516)
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5.2 Description by S-matrix algorithm

The same model as in the last section can be expressed using the S-matrix algorithm instead
of the M-matrix algorithm. It is important step for integration with RCWA, as it uses the S-
matrices for better stability of the algorithm, instead of the M-matrices, as boundary condition
realization. Figure 5.2 shows the same multilayer structure, however, now using S-matrices to
describe the propagation through multilayer above and below the active region. Similarly to (5.1)
and (5.3), the amplitudes in superstrate A© and right above the active region A’ are related

(N+1)

by the S-matrix S() and the amplitudes in substrate A and right below the active region

A’ are related by the S-matrix S2) as follows:

0) ] [ (1 nl T
| A% (st s | A, | e | A, | —
1 1 0 0 ’ ’
I_A:iown_ _Sc(iu) S((id)_ _A((io)wnJ I_Aéo)umJ
i [« (2 2 [ A (V41 N+1
AL, s Sud | A _ o) |A Y -
wen| T g @) [ ar |70 " (5.17D)
Adown ] _Sdu de_ _Adoum Adown
0 0
ARt i Alows
s
/ I
AuD l Adown active
region
A:{pT S(2) l ,d/own
A b

Figure 5.2: Scattering matrix description of the multilayer system with a single active layer. [3§]

Again, by assuming there is no light entering the structure

A

down

— A — g, (5.18)

and using the same description of amplification process as before, according to (5.7), the equations

(5.17a), (5.17b) and 5.7) can be expressed in a compact matrix form [38]:

-1
A s g I -T,,8?% Ad
ey | = ) () R (5.19)
Adown 0 de _Tddsdu I Agown

This equation is an alternative formulation of the same problem (5.10). The treatment of the

spontaneous emission is the same as before, described by (5.11) and (5.12). If the structure
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consists of more active layers, it can be treated by using a recurrent approach described in

Ref. [38].

5.3 Modelling of the source amplitude

This section is devoted to the discussion about finding source terms Agp and A4 that are
used in the previous models. As our models aim at use for modelling of spin-polarized lasers, we
will focus on recombination processes in semiconductors. Two different cases are mentioned and
described. First corresponds to the light sources without spin polarized current, for which there
is no preferred polarization of the emitted light. The second is the case of spin-polarized light
emission, for which particular optical polarizations are preferred. However, as this topic is not
the main focus of this thesis, the models are not exhaustively described and more details can be
found in Ref. [17,18]. The emission process is closely related to the actual mechanisms of emission
concerned and in most cases it depends on the emission angle . It is established that emission in
a semiconductor can be represented by the electric dipole emission in the weak coupling regime
(emitters are basically incoherent). The electric dipoles are vectorial point sources with any

possible orientation, however, in the case of quantum well structures, typical for VCSELs, there

is a preference for emission by horizontaly aligned dipoles.

5.3.1 Sources without preferred polarization

In the semiconductors without spin-polarized current, there is no preference for the emitted
polarization. This model was presented by Benisty et. al. [21] (see Reference for detailed expla-
nation of the problem). The emitted intensity depends on the mutual orientation of the wave

vector k and the dipole moment and can be decomposed into p- and s- componets as follows

Al = Asing, (5.20)

ho _ (n) —AZ
A, = Acost cosgp—An(n)kO COs ¢, (5.21)

where ¢ is the azimuth and 6 is elevation of k. Furthermore, the dipole moment can have any
orientation in the plane of the quantum well, so the emitted amplitudes can be averaged over ¢

and normalized for emitted power. The result is in the following form:

Al = j:—lgﬂ, (5.22)
h _ z
Al = i—wwrn)ko. (5.23)
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We can see, that the polarization of the emitted light changes with the emission angle. This

approach was used in Reference [21] to study resonant cavity LED structures.

5.3.2 Sources with preferred circular polarization

In the case of spin-polarized lasers, circularly polarized photons are emitted due to the
conservation of angular momentum during recombination process. Such sources can be viewed
as two-crossed linear sources with the phase shift of 7/2 and can in general be modelled by

parametrized function [17] as

(n)
A + By cos! ()

(n)
Agown,L = Agp,R = . ln kécr?) ) (524)
__Z(Ap + By cos (n<§)k0 )
B (n)
As + Bs cosl( If;) )
Azown,R = Agp,L = . ! nk(f)o ) (525)
_Z(Ap + By, cos (n(f%o )

where A, B and [ are positive constants determined by theory or experiment and the indexes
R and L denote the right- and the left- circular polarizations. The total source vector is then

combination of these two circularly polarized independent sources

(n) (n)
As + Bs cost( ke ) A + B cos!( ks )

d (n) 1, (n)
Aup,down =« ) ln kécy?) =+ ﬂeup ) ; nk(f)o s (526)
—i(Ap + By cos (né)ko ) i(Ap + By cos (n(i)ko )

where the coefficients « and 8 depend on the transition probabilities and spin-current polariza-
tion. As the two sources are incoherent, random phase factor ¢ for isotropic case is introduced.
This approach is used in Ref. [17] to calculate the emission profiles and the polarization of
the emitted light from spin-VCSEL structures containing magneto-optically active layers as a

function of spin-polarization and it leads to the combination of the dipole sources

1 . 1
AZ down — s £HH + e'¥ \V/ €LH +
P ny +n— —icos ™ i cos O™
Y ! NG ! (5.27)
— LH +eé' HH , (5
ny +n- —icos ™ icos H)

where n, n_ are spin-polarized carriers densities and £y, €7 are normalized transition propa-
bilities for light and heavy hole transitions. This model assumes independence of stochastic HH

and LH transitions.
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5.3.3 Transformation of emitted field upon refraction

For the process of calculating outside power emitted by the structure, it is important to also
account for the change of the solid angle upon refraction. This section briefly introduces the
approach described by Benisty et. al. and for more detailed discussion see [21]. The power per
unit solid angle and surface area Il = dP/dQdS is related to the same quantity in the source

layers as

I dPd;

I, dpP dQ’

(5.28)

where the index ¢ denotes the source layer. The first factor denotes the power transmission

coefficient, which is related to the Poynting vector flux S, as

AP S,dS .,k
i = |E|*=2 2
therefore [see also (2.66b)],
dP |E]® k.,
P PR (5.30)

The second term describing the change of the solid angle can be expressed as (see Ref. [55] for

examples and more detailed description)

dSd; nk,
= 5.31
df) nik:zﬂ- ( )
The total outside power is then
nk? nk?
= |E?—2-1I; = | Epy|*—=-, 5.32
| | nik?,i 1 | out| nikiz‘ ( )

where E,,; denotes the calculated outside field, according to (5.10) or (5.19), modulated by the

refraction factor.

5.4 Coherence-matrix based approach

The approach to modelling of multilayers with active dipole layers is so far dependent on
averaging over random phase factor to take into account incoherent effects. As we mentioned
before, this processes is not efficient and becomes extremely computationaly demanding in the
case of multilayers containing layers with lateral periodicity. Here we propose an alternative
approach for modelling of incoherent propagation based on coherence-transforming matrices can

be used. This would enable incorporating layers with lateral periodicity into multilayers above
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or below the active region and it would enable us modelling of VCSELs with periodic gratings
or photonic crystals.

The main issue with expressing models of active layers using coherence-transforming matrices
is to correctly separate the coherent and incoherent processes in the equation. The terms with
the same random phase factor need to be added coherently, so it needs to be done by adding
the amplitude-based Jones matrices. After adding all the coherent terms, we are left with the
terms with different random phase factors that need to be added incoherently. In this step, the
Jones matrices are transformed into coherence-transforming matrices and the final expression is
obtained. Let’s demonstrate this process on the following example. We have a system containing

the source with preferred polarization described by the equation
-1

AL sl o 1 -T,.S8Y dde A
(N+1) | (@) () Tl Ad ' (5.33)
Adown 0 de _Tddsdu I Adown
There are two different phase factors, terms with vector Affp and with vector Agown. All the

terms containing the same phase factor are coherent processes. They can be summed up and

expressed using single compact matrix as follows:

Al ¢ider Al Guu G| |292Al
(Nil) =G Y= ’ M (5.34)
Adoum Agown Gdu Gdd Agown

Now, there are only two terms with different phase factors that need to be added incoherently.
The submatrices can be transformed into the coherence-transforming matrices using the Kro-
necker product
guu = Guu X qu’
gud = Gud ® G;';d’

gdu = Gdu®G:iua

ot
w
=)

_OT
wo
3

Gia = Gaa® Gy,

and the final equation takes the form

A&]:Jnl ) gd“ gdd ‘Azown

where the transformation is no longer expressed using the Jones vector but by using the Coherence
vectors. Coherence vectors can then be transformed into the Stokes vectors according to (4.19a)
and the same result as from averaging over the random phase factors in (5.16) is obtained. As
this approach doesn’t depend on averaging over the phase factor dpo, it is a more efficient and

it allows adding of layers with lateral periodicity into the model.
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air superstrate n© =1

incident wavelength A = 680 nm
Mn®) thick | layer 1 n(t) =2
M1 thick | layer 2 n® =3.6

active layer
coeflicient of spontaneous emission | v =1

coefficient of stimulated emission 60=0

Mn® thick | layer 2 n® = 3.6
Mn) thick | layer 1 n(t) =2
air substrate n0 =1

Table 5.1: Parameters of the modelled LED structure.

5.5 Numerical models

In this section, we demonstrate validity of the approach based on coherence-matrices in
comparison to result obtained by averaging over random phase on a simple LED structure. The
modelled structure can be seen in Figure 5.3. It consists of one active layer surrounded by
symmetrical multilayer and the emission is modelled for the parameters seen in Tab. 5.1. As our
goal is just to compare both algorithms, very simple isotropic model without stimulated emission

was chosen. Also for simplicity, the simple source vectors emitting only s- polarization

Ad = ! AL = ! , (5.40)
0 0
that arr not dependent on the emission angle, were chosen.

The comparison of the normalized Sy component of the emitted Stokes vector modelled
by both approaches can be seen in Figure 5.4. The emission profile without averaging is also
shown. We can see typical emission profile with the maximum for the normal emission angle.
Both algorithms give us the same result with a small difference for the normal emission due to
the statistical nature of averaging over a finite set of values. The model without averaging is
completely different. All components of the emitted Stokes vector can be seen in Figure 5.5.
The data shows that the s- polarized light was emitted (Sp = S; and other components are zero)
for every emission angle, as expected for the isotropic system and the source term chosen. For

better view of the emission profile, the polar plot of emitted intensity is also shown in Figure
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n©®

a®

n®

————————————————————————————————————————————— Active layer

Figure 5.3: Simple LED structure that is modelled for comparison of coherence-matrix based

approach with averaging over random phase factor.

5.6.

As the coherence-matrix based model shows a good agreement with previously developed
models, it proves to be a useful approach of modelling of the incoherent processes in the structures
with active layers. It is also more efficient approach and can help us incorporate layers with lateral
periodicity into multilayer models with active regions, where we now avoid averaging over many

phase factors.

Comparison of normalised Sp; components

1.6 1 e —— Coherence matrix
) —---- Averaging

1.4+ v

/ ---- Without averaging
1.2 4 : E

1.0 4
0.8 -
0.6 -
0.4 -

0.2 4

0.0 4

75 50 25 0 25 50 75
Emission angle
Figure 5.4: Comparison of Sy component of emitted light obtained using coherence-matrix based
model, model of averaging over random phase factor and without averaging. Both coherence-
matrix and statistical approach gave us the same result with small differences for normal emission

due to the averaging over finite set of values.
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Stokes vector components

— S
0.8 - .
—_— 52
0.6 1 T 53
0.4 -
0.2+
0.0 -

75 50 25 0 25 50 75
Emission angle

Figure 5.5: Dependence of Stokes components of emitted light on emission angle. The s-
polarization is emitted for every emission angle, as expected for isotropic multilayer and the

source choosen.

Intensity emission profile

0.0 0.2 04 0.6 0.8

Figure 5.6: Emission profile of the emitted intensity. The light is emitted in a cone with maximum

at normal emission.
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6. Conclusions

The goal of this thesis was understanding of RCWA, its application to anisostropic 1D grating
structures and modelling of light emission from structures containing active layers with the aim of
combining these approaches to model active structures containing layers with lateral periodicity.
In order to do so, a new formalism for modelling of incoherent propagation in grating structures
was developed.

The original results of the thesis are:

e Developing a new formalism for modelling of incoherent propagation in grating structures
(Sections 4.3 and 4.4) that solves the problem of combining models of active structures
with RCWA due to the treatment of incoherent processes by averaging over random phase

factor.

— Application of the developed formalism to models of flexible diffractive components
including incoherent propagation in the thick capping layer and the comparision with

the coherent and partially coherent models (Section 4.5).

e Expressing the models of active structures in terms of coherence matrix based formalism

making them compatible with RCWA (Section 5.4).

— Demonstrating the validity of the coherence matrix based approach on a simple LED
structure and comparing it with the method of averaging over random phase factor

(Section 5.5).

The results of this thesis leave us with a lot of future prospects. The goals of the future

research are following;:

e To check models validity by comparing results of our models with the actual experimental

data measured on the flexible diffractive gratings by Mueller matrix ellipsometry.
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e To combine RCWA with the models of active structures by the use of the formalism de-

veloped in this thesis.

e Use of the models of incoherent propagation in grating structures for modelling of flexible

diffractive optics components, such as security holograms.

e To generalize the developed formalism of incoherent propagation for 2D periodic structures,

such as arrays of quantum dots [56,57] or photonic crystals.

e To model actual spin-VCSEL structures in order to understand the underlying processes

and to design spin-lasers for future applications.

I will continue in my research during my PhD studies that I will do in co-tutelle program at
Ecole Polytechnique in Paris and VSB-Technical University of Ostrava on the topic of Modeling

of spin-lasers with lateral periodicity, for which I was granted the French Government scholarship.

Contributions:

P. Ciompa, K. Postava, T. Fordos, H. Jaffres, J. Pefina, J. Pistora, ”Modelling of incoherent
propagation in periodic structures”, Optics Fxpress, to be submitted

K. Postava, P. Ciompa, J. Pistora, ” Modelling of ellipsometric response from periodic structures
including incoherent propagation”, 10th Ellipsometry Workshop, 19th - 21st March, 2018 in
Chemnitz, Germany

P. Ciompa, K. Postava, T. Férdos, H. Jaffres, J. Pistora, ” Modelling of incoherent propagation in
periodic structures”, 21st Czech-Polish-Slovak Optical conference on Wave and Quantum aspects

of contemporary optics, 3. 7. September, 2018, Lednice, Czech Republic
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